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WFMO02 Further Pure Mathematics F2 Mark Scheme

Question

Number Scheme Notes Marks
1 5 . 5 _ Correct value for . May be shown
7 -321=0=r"=32=r=2 explicitly or used correctly. Bl
Applies a correct strategy for
establishing at least 2 values of 6. This
T T 2nr can be awarded if if the initial angle
50="v2mr=0="1+="1 ju ju M1
2 10 5 — or — | is incorrect but otherwise
2 10
their strategy is correct.
iZ iz i3z iz illz
z=2e", 27, 2e",2e ", 2e At least 2 correct, follow through their » | Alft
or
[i*zﬂ)i All correct. Must have r =2 Al
z=2e""" 7/, n=0,1,2,3,4 '
“)

Total 4
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Question

Number Scheme Marks
2
() [18v3-18i[=18,(3+1) =36 BI
—~18 pa ) T .. T M1,Alcao
tanf=—— 0O=——, 18\/3—181:36 cos(——jﬂsm(——j ’
183 6 ( 6 6 A3)
(b) z* =36 cos— L +isin— 2 |=36| cos| 2kx - |+isin| 2kz = MIl
6 6 6 6
z=+/6] cos 12kr — 7 +1sin 12kr -7 Mil
24 24
k=0 z,=+6|cos 7 |+isin| £ :\/gei{_ij B1
0 24 24
1z 1z s
k=1 z, =+/6| cos| — |+isin| — | | =+/6e ** Alft
1 ( ( 24 j ( 24 B
k=2 z,=6 cos(m—ﬂjﬁsin(ﬁ—ﬂ] = 6ei2237”
’ 24 24
13z) . . ( 13z {(-25)
k=-1 23:\/6 cos| ——— |+isin| ——= || =/6e Alft  (5)
24 24
[8]
(@)
B1 Correct modulus
+18
ino tan@ = or other valid method. Can be implied b
M1 Attempt argument using 183 p y
0=+2
Alcao Correct answer in the required form.
(b)
V4
M1 Valid method for generating at least 2 roots, rotation through; accepted
M1 Apply de Moivre or use the rotation method
B1 Any one correct root
Alft Second root in required form
Alft All 4 roots in the required form
Follow through their 36 but 36 not acceptable.
NB Argument in degrees — MIM1B1AOADO (ie treat as mis-read)

Incorrect argument: BOA1ftA1ft available

Answers in 7 (COS 0 +isin 9) form — deduct final A marks
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Question Scheme Marks
3(@) y= \/(—4)2 + (—4\6 )2 =.. M1
tané?:#jeztan‘l(x/g)iﬂ M1
( 2%} . ( 272)
8| cos| ——— |+1isin| —— Al
( 3 3
3)
2
®) z=re :>(rei6')3 :—4—4\/§:>r3(e3i9):8e 3
=r=38=2 M1
39:—2—”(+2kﬂ):>9:—2—”+(2k—”j M1
3 9 3
Sr 2mp Ax Alft
Soz=2e ° ,2¢ ° ,2e” Al
“4)
(7 marks)
Notes:

(@)
M1: For a correct attempt at the modulus, implied by a correct modulus if no method seen and allow recovery
if correct answer follows a minor slip in notation.

_ a1
M1: For an attempt to find a value of # in the correct quadrant. Accept tan ! (\/g ) +7 or tan”' (—j tr

NE

2 4 5 7
May be implied by sight of an of _E”’E”’_E”’E” .

Al: cao as in scheme, no other solution.
(b)
1

M1: Applies De Moivre’s Theorem and proceeds to find a value for 7 ie (their 8)g

M1: Proceeds to find at least one value for 8 — ie their argument/3.

Alft: At least two roots correct for their » and 6. (Must come from correct method, watch for correct roots
coming from an incorrect angle due to errors.)
87

—
Al: All three correct roots and no others. Accepte.g 2e ° as aslip in notation, so allow marks.
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Question
Number

Scheme Notes

Marks

4(a)

+12 only. Accept if just stated

(i) 2=6-6,Bi=z|= /62+(6J§)2 ~12

Bl

(i) e.g., argz = —arctan%

. 6+/3
Attempts an expression for a relevant angle. Look for +arctan {i T\/_J oreg., +tan™ [i i}

NE
6+/3

If arctan is not seen allow e.g., tan a = e S>a= % with « correct for their tan o

If using sin or cos the hypotenuse must be their 12

M1

arg zorargor argument(of z) - —% x

A correct proof with no incorrect work/statements. LHS required. Allow "6 ="' if
consistent, e.g., & =—% cannot follow "tan@ = +/3"

Al*

(i)
Way 2

z

z :12(%—§i)=12(cos(—§)+isin(—g)) or12e ¥ or cosH:%orsinH:—g[Ml] =argz=-%[Al*]

M1: Factorises out 12 and writes in trig or exp form or identifies cos 6 = andsin @ =—@
Al: Acceptable statement with all work correct

(ii)
Way 3

z =12(cos(—§)+isin(—%)) or 12¢ ¥ or 12(%—§i): 6—6\/§i [Ml] = argz=-% [Al*]

M1: Assumes result, writes correctly for their 12 and attempts a + ib form
Al: Obtains 6— 6\/§i and makes acceptable statement with all work correct

3)

(b)

z="12"£Cos(_fj+isin(_ZJJ or --12--9’? [no missing “i”” unless recovered]
3 3

Correct trig or exp. form with their 12. Could be implied by their z* in trig or exp. form e.g.,

("12"e 3 )* Allow equivalent values of @ e.g. 5 and use of e.g., sin(-g):—sin(g).

Condone poor bracketing. Allow this mark if +2kz,— 2K, + 2k appears with argument

M1

Ar.
72t = 20736{cos[—4§j+isin[—%ﬁ or 20736(005—4?”+isin—4?”) or 20736e 3

Correct z* in any form. 124 evaluated and arg. Of—%”(notjust4><—%) or 2 only although

may use e.g., sin (—%”) =-sin (%”) No “k’s. Condone an “unclosed” bracket.

Only accept —10368+10368\/§i or 20736(—% +§ i) provided evidence of de Moivre.

Al

(2)
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Question
Number

Scheme Notes

Marks

4(c)

_z z

wozt = ()T (cos[ R jﬂ sin[__;]}ore.g., (£)724B"

[no missing “i”” unless recovered]

Correct use of de Moivre’s theorem with —% and their 12 to attempt one square root.

Allow work with argument of 3% for —% and use of e.g., sin(—%) - —sin(%). Condone

poor bracketing.

MO if z* used for z. Allow this mark if +2kz,— 2k, + 2k appears with argument

M1

w=3—./3i,—3+,/3i oe

ALft: One correct exact root in a +ib or c(a +ib) form (a, b, ¢ may be unsimplified but not
numerical trig expressions) ft their 12 only i.e.(i)d"lZ"(@—%i)
Al: Both exact roots (no others) correct in a +ib form —a and b may be unsimplified (but
not numerical trig expressions) e.g. accept
3 36 V12 243
a=(x) Jl_gi () £ b =(+)£, (+)i
2 2 2 2
Accept+(3—+/3i) but just+3-+/3iis AL AO. Justiﬁ(ﬁ— i) is AL A0

Alft
Al

Note: w* =r?(cos26+isin20)=z=>r, 6, w=...is an acceptable approach

(3)

Alt

w? =z = (a+ib)’ =a? —b? +2abi = 6-6+/3i = a> —b> =6, 2ab=—6+/3

3\/5:>a2—2—3:6:>a4—6a2—27=(a2—9)(a2+3)=O:>a2 =9,a=43,b=73
M1: From a correct starting point, expands and equates real and imaginary parts to form
two equations in a and b and obtains at least one value for both a and b

W=3-+/3i,-3+/3i

Al: One correct exact root in a +ib or c(a +ib) form (a, b, ¢ may be unsimplified)
Al: Both exact roots (no others) correct in a +ib form — a and b may be unsimplified

Total 8




Edexcel - International A-level Maths - Further Pure 2 - June 2023
Compiled By London Academy Of Maths | Created By Pearson Edexcel

QNL:;?E)ZP Scheme Marks
5(a) 5t . . Sm) 20m . . 20m
CcosS—+isin— | =cos——+isin— or/and
12 12 12
s M1/Al
T .. T ..
(cos——lsm—j =c0s(—m)+i sin(—)
3 3
57 . . Sm
COS?—H sm? 5 . (5n
z, = =cos| ——(-x) |[+isin| =—=—(-
(% )cos(—n)+isin(—n) (3 ( ”)j (3 ( ﬂ)j
M1
50 . . 5m
COS—+isin— 51 S
Alt: (z,=) 3 — _cosZ_jsinE
-1 3 3
_ 8nm . . 8n 2n . . 2m
=C0S—+isSin— =c0s—+iSin—
3 3 3 3
Al*
. . ) Y4 . . 57
Alt: if denominator —1 used via e.g. COS ?—ﬂ' +1sIn -3
4)
(b) |z — 21| <1 0 <arg(z-z1) < %”
A circle in any position
. . M1
(may just see the minor arc)
A pair of half-lines in correct
directions from their centre, one with
negative gradient and one parallel to M1
(but not) the x—axis.
If full lines are used the M marks can
be implied by their shading
Area shaded inside their circle between
~ — the two half Im_es from _from the M1
parallel one anticlockwise to the
negative gradient line.
Fully correct shaded sector. See notes. Al
(4)
(©) £ T .
arctan ? =3 (or 60°) M1 Al
)
Total 10
Notes
(a)

MZ1: One correct use of de Moivre in polar (or exponential) form. Allow use of e' for cos@+isiné
throughout until the final A.
Al: Both correct (unsimplified) in polar form. Accept for both marks use of

3 3

dealing with the negative between terms is AO.
M1: A correct method shown for the division of the two complex numbers. No need to simplify for this mark, a

3
(cos——lsm—j — COS —1SIn 7z but denominator directly to COS 7z +1SIn z with no evidence of

difference of argument in the trig terms is fine. Look for the subtraction of the arguments. Sight of the ?7[

can imply the mark if no incorrect work is seen. Note it is MO if the arguments are added (so
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S5t . . [ 57 i . . -
cos (? - 7[] +1sIn (? - 7;] is MO unless the denominator has clearly been written as cosz +1sin z

first.)
S5

May write the denominator as —1 first, which is correct, score for —C0OS———1SIN ——.

3 3
Accept methods that convert both numbers into exact Cartesian form, apply a correct process to realise the
denominator and convert back to polar form.

Do not allow going straight to cos?n+ isin ?nfor this mark as it is a given answer. Justification is required

and an incorrect method is MO.

. 2t . . 2m . . . . .
Alcso: Obtains cosét +1sin ?n with suitable intermediate step shown and no errors in the work. Must have

scored the preceding 3 marks. This will usually be via cos%n +1isin %n unless equivalent suitable

working has been shown to justify the correct modulus (e.g. proceeding via —1 in the denominator).

(b)

Do not be concerned about lines being dashed or dotted in this part. Accept either.

MZ1: A circle in any position. You may see just the minor arc of a circle, which is acceptable as long as
it is clearly an arc of a circle (e.g. implied by their shading) and not just a angle demarcation.

M1: Draws or indicates a pair of half-lines from their centre (which need not be in quadrant 2) with
one with negative gradient proceeding up and left and one parallel to the x—axis proceeding right
but not the x-axis itself. If full lines are used this can be implied by the shading of the correct
region between lines.

M1: Shades the area between their pair of rays (the second ray may have positive gradient for this
mark) and inside their circle, anticlockwise from the horizontal line. The half line need not stem
from the centre of the circle for this mark, and accept the x-axis as the horizontal line for this mark.

Al: Fully correct shaded sector. Must
® Dbeinquadrants 1 and 2
® have approximately correct gradients for the half-lines (—1 and 0)
® have circle with centre in quadrant 2 and (if whole circle shown) passing roughly through the origin. If

only an arc is shown apply bod as long as the position is reasonable.
Ignore any centre coordinates and axes intersections of any major sector. If extra regions are shaded they
must make clear which their region R is in order to access the mark.

(c)

M1: Identifies the correct point for their sector, which must be from a circle with centre in quadrant 1 or 2
(above the real axis) and ray parallel to the real axis, and attempts the relevant angle. Look for selecting the
point (c, d) at the “3 o’clock” position having identified a suitable sector and proceeding to find a relevant

. : : c d
positive angle (e.g., allow if m—@& is found) (accept arctania or arctanJ_rE as an attempt at the angle).
Their point must be in quadrants 1 or 2. If no shading was shown in (b) allow for attempts at the relevant
point of horizontal ray and circle intersection. Could use other trig.

Al : Either correct value. Mark final answer.
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Question Scheme Marks AOs
6(a) k= M1 1.1b
z=e%®, k=0,12,3,4,5 Al 1.1b
(2
(b) Im
[ ] @
B1 2.2a
¢ ® e
dB1 1.1b
[ [ ]
(2
() z.\0
\6 =i .
e.g. (\/§+I) = | 266 ] = 646" = —64*
or
6
T .. T 6 .
{2(cos—+|sm—ﬂ = 2°(cosw+isinr) = 64(-1) = —64*
6 6 M1 | 1.1b
or
(V3+1) =(V3) +6(v3) i-15(v3) ~20(J3) i+15(+3) +6y3i+it | AL* | 21
=27-135+45-1=-64*
or
6
(ﬁn) = = 27 +544/3i +135i2 + 60/3i2 + 45i* + 6+/3i° +i°
= 27 +544/31 —135—60+/3i + 45+ 6+/3i —1=— 64*
(2
(d) F=2 Bl | 22a
. k—”i
z7=2e% xe3 , k=0,1,2,3 4,5 M1 | 3.la
z kT
Z:2e(6 3]’ k=0,1,2,3,4,5 Al 11b
(3)
(9 marks)
Notes
(a)

k.

M1: For sight of e 3
Accept any value for k

Al: All six roots fully defined as shown or listed separately with their values of 6 within the

given range with no incorrect or extra values. Ensure i and  are present in each term.

. 2r. Ar. 57.

Note: Roots if listed are e, e3 e3 e e3 3  condone 1 for eand/or -1 for e
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(b)

B1: Plots 6 points that form a hexagon, with a point on the positive real axis and a point on the
negative real axis, and one point in each quadrant.

Do not be concerned about the position of each point from the centre, however the sketch must
convey a hexagon.

dB1: The points form a hexagon, centre the origin (see diagram), axes need not be labelled.
Look for the axes acting as lines of symmetry.

(Drawing line/vectors to each point is acceptable but not necessary for either mark)

Examples
~ LM
2,
3 o¥
B1dB1
e" Q¢ i
QW 9§K'
-
n
aT _a
' 4 B1dB1
q_‘(ﬂ Q"o
> —>
Q_\KH{ \ e ‘ ( ’{W

B1dB1
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i
PR )
‘ S B1dB1

BOdBO

BOdBO

(©)
M1: Converts ~/3 +i to polar form to obtain re'’ with at least r = 2 or @ =% and applies the

power of 6 correctly to obtain r°e®”

Al*: Obtains the given answer with sufficient working shown.

67i

As a minimum need to see 2°¢ 6 = —64 or 2°¢" = —64
If r = =2 is seen in their workings withhold this mark.

OR

M1: Converts v/3+i to modulus-argument form r(cos @ +isin &) with at least r =2 or 6 :% and

applies the power of 6 correctly to obtain r®(cos 66 +isin 66)

Al*: Obtains the given answer with sufficient working shown.
OR
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6
M1: Attempts to expand (\/§+ i) fully using an attempt at the binomial expansion. Must have 7

terms for (a+b)"and correct binomial coefficients with a = J3,b=iandn=6
Al1*: Obtains the given answer with at least one intermediate line.

OR
6
M1: Attempts the full expansion of (\/§+i) =(V3+i)(V3+i)(V3+i)...(vV3+1i) =
There must be no brackets, no irrational numbers and no terms in i in their simplified answer.

Al*: Obtains the given answer with sufficient working shown including correct full expansion,
with at least one intermediate line.

(d)

B1: Deduces r = 2 (only)

M1: Obtains at least one value of z in the form re'? with their consistent value of r, and 6 taking

one of

{7[ 7 5t Tr 37 117[}
26

z; z; Sli 7li ?’li llli . . . .
Al: For 2e%,2e% ,2e% ,2e% ,2e2 ,2e ® with no incorrect or extra values. Accept unsimplified
9.
arguments such as having a solution of 2e ¢ . Ensure i and T are present in each term.
z; Bli
Accept 2e?as 2i and2e 2 as—2i
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Question Scheme Marks = AOs
7(a
@) 0. |z|=+/(-4)2+4% Orargz =7Z'—%0€ M1 | 11b
(1 =)4\/§(COS?’T”+isin3T”) oreg. (z =)\/§(cos37”+isin37”j Al 1.1b
(2)
b)(i " "
(b)» 4 42 cos("g—”"—ﬂ—”j+isin["?’—ﬂ"—l?—”J =
Z, 3 4 12 4 12
or
At 37, 177
o _tazet a2 [T
z, Uz, 3
3e 12 M1 3.1a
or
V26 .(V2+6
7z _ —4+ 4i y 4 4 _
ZZ 3 \/E_\/E —i \/E"'\/g \/E_\/g +i \/§+\/§
4 4 4 4
YNCWN 22 26 . 242 [ 26
N2 _NTor — - or — -
3 3 3 3 3 |3 Al 11b
)
Notes

(a) Correct answer with no working scores both marks in (a)

M1: Any correct expression for |zl| or argz; e.g. |z| = [(—4)> +4% orargz, = ;;_%

Al: Correct expression. The "z, =" is not required.
This mark is not for correct modulus and correct argument it is for the complex number written in the

required form. Condone the missing closing bracket e.g. (z, :)\/372(cos37”+ isin%[

(b)(i) Correct answer with no working scores no marks in (b)(i)

M1: Employs a correct method to find the quotient. E.g.
e uses modulus argument form and divides moduli and subtracts arguments the right way round
o uses exponential form and divides moduli and subtracts arguments the right way round
e converts z, to Cartesian form and multiplies numerator and denominator by the complex

conjugate of the denominator. Allow if the “3” is missing for this method. Allow with decimals for

X = ...
z, —0.258...-0.965...i —0.258...+0.965...
If they convert z, to Cartesian form it must be correct as shown or correct decimals.
Al: Correct exact answer in the required form.

Do not allow e.g. ‘%(ﬁ+ﬁi) or ﬂ

iISw.
Provided a correct method is shown as above, allow to go from the forms in the main scheme to the
correct exact answer with no intermediate step.

unless a correct form is seen previously then apply
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(i1 7, =3 (cos(4x17—”]+isin(4x17—ﬂjj
12 12
or
(22)“{3612‘J —glen ™ VIRMERT:
or
o [of(N2=B)_ (V2B
2~ 4 4 -
%‘% 81_ ﬁor_ i[—%j Al | 1.1b
(2)

(b)(ii) Correct answer with no working scores no marks in (b)(ii)
M1: Applies De Moivre’s theorem correctly to Z, . E.g. uses polar form or exponential form and

177
calculates the modulus as 3* and the argument as 4x§

4
For attempts at 72 — {3({\/5 ;\/5 j i {\/E +/6 D} you would need to see:

4

e the correct exact form used
e aclear and convincing attempt to expand the brackets e.g. by using a full binomial expansion or a

complete attempt to multiply all 4 brackets together but you are not expected to check every detail

e afinal answer in the required form with no obvious errors seen

4
So zgz 3 V26 —i V2++/6 :8_1_Mi scores no marks.
4 4 2 2
L. . L. 177 177
Similar guidance applies if they attempt to expand /3 { [cos—+ isin j}
12 12

Al: Correct exact answer in the required form.

81(, 8LJ3.)  81-81/3
2 2 2

Do not allow e.g.

unless a correct form is seen previously then apply isw.

Provided a correct method is shown as above, allow to go from the forms in the main scheme to the
correct exact answer with no intermediate step.
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(©)(i) and (ii)

41Im
\
q \
\ -
AY
\ ,f”
\ -~
\ ’,—’
\\ "r
\ -
\ o
-
_-"V
-~ \ »
Pid v »
- AY
- \
' Re
\
AN
—_— A\
A}
AY
Z) \)
2

Notes:

©0)

B1: z, and Z, correctly positioned. Look for correct quadrants with Z; approximately on

y =—xand Z, belowy = x closer to the origin than Z;. Note that the points are

usually labelled but mark positively if it is clear which points are which if there is
no labelling.

Bl

1.1b

B1ft: 4 in the correct quadrant. Follow through their answer to (b)(i).
Z;

Note that the point is usually labelled but mark positively if it is clear which point it
is. It is sometimes labelled as Z3 which is fine.

B1ft

1.1b

(i)
M1: Draws a line (solid or dashed) that is the perpendicular bisector of z,z, or draws a
line that crosses z,z, and shades one of the sides of this line.

M1

3.1a

Al: A line drawn (solid or dashed) that is the perpendicular bisector of z,z, with either
side shaded as long as it is clear they are not discounting the upper region. The Bl in
part (i) may not have been scored but Z; must be in quadrant 2 and Z, in quadrant 3.

Note that some candidates are drawing the region on a separate diagram and this is

acceptable. You do not need to see a line joining Z;to Z,.

Al

1.1b

(4)

(10 marks)
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. T o (TN )
8(i) Z;=6 [cos (§) + i sin (5)] =...{3 + 3V3i}
5m 5n
7, = 6V3 [cos (?) +isin (?)] =...{=9 + 3V3i}
{21 + 2, =}(3 + 3V3i) + (=9 + 3V3i) =...{—6 + 6V3i} M1 | 3.1a
.. 5
Or{z, +z, =}6 [cos (g) +isin (g)] + 6V3 [cos (?”) +
isin (5?”)] = a + bi where a and b are constants, the trig function
must be evaluated
Alternative 1
Clearly show the method to find _ 1
modulus and argument for z; + z, —6+ 6V3i = 12 <_§
arg(z;+z)=m V3
i (6@) + —i)
—tan —_— 2
6
2m .. (2m
63 2T =12 (cos (—) + isin (—)) dm1 2.1
or tan™' | — | =. {—} o \3 3
—6 3 Alternative 2
and 2m; 2w
12e¢3 =12 (cos?
|z, + 25| = /62+(6\/§)2 . 2m
=...{12} Fisin ?)
=...{—6 + 6V3i}
127 = —6 + 6v3i
. 3" = —
2 7y =12e30 * ¢ oVl AL* | 11b
Therefore z, + z, = 12e3'*
@)
Alternative 3
T, 51,
Zl + Zz == 6e§l + 6\/§€Tl
M1 3.1a
_121 (n)_l_l_ . (7‘[)+\/§ <5n)+\/§_ . <5n>
= Scos(3) +isin(g 5 cos |~ S isin{—
1 3 2m 21
—— 4+ —il= — i sin | — dm1 2.1
12( 2+ > L) 12<cos<3)+15m( 3 ))
zZi+ 2z, = 1263 Al* | 1.1b
3)
Alternative 4
T, 5T, T, T, T, M1
71+ 7, = 6€3' + 6V3e 6 = 6e3' (1 + x/§e71) = 6e3'(1 + V3i)
: _ / 2 2 _ _ NE W dm1
Eitherr = |12 + (\/§) =2 and arg —arctan(l) =3
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Or 667 (1+3i) = 125" ( +510ex (cos (5) + isin (E)))

T, T, 2T,
Z; + 2z, = 12e3'e3' = 12e3'* Al*
@)
Alternative 5
Uses geometry to show that z;, z, and z; + z, form a right-angled
triangle
-
S M1 | 3.a
> s
T 6V3 21
aTg(Zl + Zz) = § + tan_l T =.. {?}
dM1 | 1.1b
|Z1 + Zzl - \/(6)2 + (6\/§)2 :{12}
zZ,+ 2, = 12¢30 * Al* | 1.1b
@)
(i)
M1 3.1a
M1 1.1b
Al 1.1b

©)
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Alternative 1
. T T .
Gradient = — tan (g) c=5 tan( ) leading to y = —/3x + 5v3

3
or tan (g) =2

5= M1 | 3.1a
1z|? = x% + y% = x? + (—V3x + 5V3)? = 4x% — 30x + 75 '
d|z|?
=8x—30=0=x=..{3.75}
dx
or |z|]? = 4(x — 3.75)? + 18.75 > x =...... {3.75}

|z| = \/4(their3.75)2 — 30(their3.75) + 75 M1 | 11b

2 =23 Al | 11b

2
€©)

Alternative 2

Gradient = — tan (g) c=5tan (”) leading to y = —V/3x + 5v3

Yo M1 | 3.1a

Perpendicular line through the origin y = ¥ and find the point of

15 15)

intersection of the two lines (T' ”

Finds the distance from the origin to their point of intersection

15\2 53\’ M1 | 1.1b
|z| = (thelr T) + <the1r T) =..
12| _5v38 Al | 11b
2
3)

(6 marks)

Notes:

()

M1: A complete method to find both z;and z, in the form a + biand adds them together.
dM1: Dependent on previous method mark, finds the modulus and argument of z; + z,. They must
show their method, just stating modulus = 12 and argument = 2?” is not sufficient as this is a show

question.
Alternative 1: Factorises out 12 and find the argument

. . 2z, 2T . . 2%
Alternative 2: uses 12e3" =12 (cos? + Lsm?) =..
Al*: Achieves the correct answer following no errors or omissions.

2T, 2T,
Alternatively shows that 12e3 " = —6 + 6+/3iand concludes therefore z, + z, = 12e3 ' *

Alternative 3
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M1: Factorises out 12 and writes in the form

12 [ ..COS (g) +...isin (g) +...cos (5?") +...isin (%n)]

dM1: Dependent on previous mark. Writes in the form 12(a + bi) leading to the form 12(cos 6 +
isin@)

Al*: Achieves the correct answer following no errors or omissions.

Alternative 4
M1: Factorises out 6 and writes in the form 6e3" (1 + \/§e5i) = 6e3'(1 + ai)

dM1: Dependent on previous method mark, finds the modulus and argument of (1 + ai) or 12(a +
bi) leading to the form 12(cos 8 + i sin 6)
Al*: Achieves the correct answer following no errors or omissions.

Alternative 5

M1: Draws a diagram to show that z,, z, and z; + z, form a right-angled triangle.

dM1: Dependent on previous method mark, finds the modulus and argument of z; + z,
Al1*: Achieves the correct answer following no errors or omissions.

r_z2r

= —gtherefore arg(z; +z) =m—- = :With no

Note: Writing arg(z, + z,) = arctan (%)

diagram or finding z; + z, is MOdMOAO

(ii)

M1: Draws a diagram and recognises that the shortest distance will form a right-angled triangle.
M1: Uses trigonometry to find the shortest length.

Al: Correct exact value.

Alternative 1

M1: Finds the equation of the half-line by attempting m = — tan (g) c=5tan (%) Finds x2 + y?2
in terms of x, differentiates, sets = 0 and finds the value of x.

M1: Uses their value of x to find the minimum value of \/x2 + y2

Al: Correct exact value.

Alternative 2

M1: Finds the equation of the half-line by attempting m = — tan (g) ¢ =5tan (g) Finds the

equation of the line perpendicular which passes through the origin. Finds the point of intersection of
the lines

M1: Finds the distance from the origin to their point of intersection

Al: Correct exact value.




Edexcel - A-level Further Maths - Core Pure 1 - June 2024
Compiled By London Academy Of Maths | Created By Pearson Edexcel

Question Scheme Marks AOs
9(a) . . .
Zn+inzem0+ — Ee|n.9_’_e—|n.9 Ml 1lb
Z e
=cosn@+isinn@+cosnd—isinnd =2cosn@* Al* 2.1
(2
(b) (z+2) =32c0s°0 BL | 22a
a4y s 3 1 3, 5 M1 1.1b
(z+z ) =7°+52°+102+102 ' +52% +z AL 11
32c0s°0=(2°+2°)+5(2°+23%)+10(z+z*
( )+5( )+10(z+27) ML | 21
=2c0558 +10co0s 36 +20cos @
cos549:%(00550+500330+100050)* Al* 1.1b
(©)
©) c0s50+5¢c0530+10c0s0 =-2¢c0SH = 16c0s° & = —2cos Bl 3.1a
2c059(800349+1):0:>0:... M1 1.1b
8cos* @+1=0 has no solution so cos&=0
9_5 3_7z Al 2.2a
2 2
3)
(10 marks)
Notes

(a)

M1: Substitutes z into the LHS and simplifies the powers as shown. Allow if they go direct to
trigonometric expressions without exponentials. The mark is for sorting out the negative index.
Al*: Converts the exponential form to trigonometric form correctly and correctly completes the
proof with no errors seen. The trigonometric expansion must be clearly seen. Condone missing
brackets in e.g cos—né terms if intent is clear. Note the LHS of the identity may be implied.
(b)

B1: Deduces that (z+ 2*1)5 =32cos® @ Do not accept 2° for 32. May be implied.

M1: Attempts to expand (z + z‘l)s. Correct binomial coefficients must be used, terms need not be

simplified. Condone at most one slip in powers.

Al: Correct expansion, terms need not be gathered but powers must have been simplified.

M1: Sets their expressions equal and applies the result from (a) — grouping must be shown.
Al*: Reaches the printed answer with no errors and relevant steps all shown.

(c)

B1: Uses the result from (b) to deduce the correct equation.

M1: Must have attempted to use part (b) to obtain « cos® @ = Bcos@ or equivalent. Collects to
one side and attempts to factorise and solve. Note dividing through by cos & is MO.

Al: Rejects the inappropriate solution and selects cos@d =0 and obtains the correct values only.
The equation must have been correct. There must have been some consideration of the

8cos’ 6+1 e.g. stating 8cos* 6 > 0 so no solutions, or attempting to find complex roots and
deducing no answers. May be minimal, but some consideration that no roots arise from this part
must have been given.

Note: The correct answer will appear from incorrect attempts — the M must be gained in order to
award the A. E.g. assuming the equation reduces to cos® 8 =0 will score BOMOAO.

Likewise, answers only scores BOMOAO (questions says hence so use of (b) must be seen).
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Alt (a) 1 1 _ c0s® nd + 2icosn@sin nf —sin’ nd +1

72" +—=cosn@+isinng + — = —
cosné@+isinnd cosn@+ising

M1 1.1b

o=

_ 2c0s’ n@+2icosndsinng _ 2cosnd(cosnd +isinnd)
cosn@+isinngd cosh@ +isinng

=2cosn@* Al* 2.1

)

Notes

Alt: by De Moivre
MZ1: Applies De Moivre on both terms and puts over a common denominator.

A1*: Complete correctly, using 1—sin® n@ = cos® n@ and cancelling cosn@+isinné . No errors
seen.

Alt (b) C0s50 = Re(c0s50 +isin50) = Re(cos 0 +isin 6)° Bl | 22a
(cos@+isin 9)5 =¢° +5ic*s +10i°c®s? +10i°c?s® + 5ics* +i°s® M1 1.1b
Re(cos@+isin 0)5 =c0s’ —10cos® dsin® +5cosfsin* Al 1.1b

c0s50 = cos® 6 —10cos® 9(1—0032 0) + 50056(1— cos? 0)2
=16c0s° @—20cos’ @ +5cos O M1 21

=16cos’ 49—27:)(cos36’+30039)+5c050

:>c0559:%(c0559+5c0530+10c039)* Al* | 1.1b

()

Notes

Alt: by De Moivre
B1: Correctly stated or clearly implied De Moivre statement for cos56

M1: Attempts to expand (cos & +isin 9)5 Correct coefficients but allow one slip per main scheme.

The powers of i need not be simplified for the attempt at expansion, accept if only the real terms
are shown. Allow c and s notation.
Al: Correct real terms extracted with the i's removed.

M1: Applies sin® @ =1—cos” @ to reduce to an equation in cos@ and applies
cos’ @ = %(c0530+3cos 6?) (quoted or derived — allow a slip if derived) to get to an equation

without powers of cos terms.
Al1*: Reaches the printed answer with no errors and relevant steps all shown.
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6

10(a) (Z + 1) — 6400568 Bl | 2.1
z
1\° 1
(z+;) = 25 4 6(z5) (Z) 15(z4)( )+20(23)( )
1
+15(22) (—4) + M| 21
z
1 1
6 (33) + (33)
=[z6+zi6]+6[z4+zi4]+15[z2+Zi2]+20 Al | L1b
n 1
—=2
Uses z" +— cosnb M1 )1
{64c0s°0} =2cos60 +12cos40 +30cos26 + 20
32¢c0s°0 =cos66 +6cos46 4+ 15cos26 + 10 * cso Al * 1.1b
6))
(b) H=2 Bl | 33
Q)]
(c) nr 2
VOII{—}W [2cos3[ ]] dx BI1ft 3.4
2]
* X
vol = {2} | cos® [Z]dx
v M1 | 1.1b
1 6 4x 2
:{27r} cos +6cos|—|+15cos +10|dx=..
321 L4 4 4
3x X
= {271}[ —sin > ) + 6 sin(x) + 30 sin (E) + 10x)l Al 1.1b
_oxon|—(2si (3><4)+6 in(4) + 30 si (4)+(10x4)
T 37 3sm > sin sin >
_ 0] _
or = dM1 34
1
( Sln( X 4) + 6sin(4) + 305ln( ) + (10 x 4))
o |32
1 ) ) ) 4
—3—2<§sm (E X —4) + 6 sin(—4) + 30 sin (— E) + (10 x —4))
=24.56 Al 1.1b

(©)
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The equation of the curve may not be suitable
(d) The measurements may not be accurate Bl 3.5b
The paperweight may not be smooth

0y

(12 marks)

Notes:

(@)

B1: Correct identity or equivalent rearrangement. This can appear anywhere in the proof.

6
M1: Attempts the expansion of (z + é) must have at least 3 correct terms. Combining the powers

when expanding is fine.

Al: Correct expansion with z terms simplified, need not be rearranged. (So a correct expansion will
score M1A1.)

M1: Uses z" + zin = 2 cos n 0 to write the expression in terms multiple angles of cos 6 8, cos 46

and cos 2 6. Pairing of terms must be seen.
AT*: Achieves the printed answer with no errors or omissions. Cso

For approaches using De Moivre BOM1ATMOAO may be scored if the binomial expansions is
attempted (and correct for the A).

(b)

B1: See scheme

©
Note: The question instructs use of algebraic integration and part (a), so answer only can score at
most B1 for implied correct formula.

B1ft: Correct expression for the volume of the paperweight or the solid formed through 360°
rotation, stated or implied, ignore limits. No need to expand, but must be applied, not just a formula
in y, though allow a correct formula followed by correct integral if the ©t disappears. Follow through
their H

M1: Uses the result in part part (a) to express the volume in an integrable form and attempts to
integrate. Note use of 4 instead of x is permissible for this mark. Allow if one term is missing or
miscopied.

A1: Correct integration in terms of x. Ignore 7, their H? and the % Note if 4 has been used it is A0
unless a correct substitution method has been implied as the coefficients will be incorrect.

dM1: Dependent on previous method mark and must have reached and integral of the correct form -
- in terms of x with correct arguments allowing for one slip. Finds the required volume using

eitherr [ 04 y? dx or %n f_4 A y? dx and applies their limits - accept any value following a valid

attempt at the integration as an attempt at applying limits.
Al: cao 24.56

(d

B1: States an appropriate limitation. See scheme for some examples. The limitation should refer to
the paperweight, not to paper. Do not accept “it does not take into account thickness of material” as
it is a solid, not a shell, being modelled. Award the mark for a correct reason if two reasons are
given and one is incorrect.
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Question Scheme Marks AOs
11(a) g . 7 6 Al s 7 5 afs i 2
(cos@+ising)" =cos’ 6+ . cos® O(isin9)+ ) cos’ @(isin)” +...
o veee . ) M1 1.1b
Some simplification may be done at this stage
e.g. ¢’ +7c%is—21c’s® —35¢*is® +35¢° s* + 21c%is® — 7¢s® —is’
isin70="C,c’is+’ C,c*i’s® +" C.c%°s® +i’s’
6 = 4 -3.3 2:5_5 -7 7 Ml 21
or =7¢c’1s+35c”1°s” +21c°1°s” +1°s
sin76 = 7c®s —35¢c*s® + 21¢c%s® —s’ Al 1.1b
3 2
=7(1-s?) s—35(1—s?) s®*+21(1—s%)s’ —s’
(1-5') s-35(1-") s +22(a-") .,

=7(1—3s2 +3s* —s‘"’)s—35(1—252 +S4)S3 +21(1—sz)s5 —s’

{7s — 218 +21s® — 757 — 3583 + 70s® — 3557 + 21s° — 21’ —57}
leading to Al* | 1.1b
sin70 =7sin@—56sin* & +112sin* @ —64sin’ @ *

)
(b) 1+sin76=0=sin76=-1 M1 3.1a
76 =-450,-90, 270, 630, ...
or Al | 11b
79=_ 27 7 37 It
2 2 2 2
p-_390 90 270 €0 _ Gp- .
7 77
or M1 2.2a
5 7 3x Ir .
=\, —,—,..>sinfd=...
14" 14" 14" 14
x=sin@=-0.901, —0.223, 0.623,1 Al 1.1b
Al 2.3
)
(10 marks)

Notes

(a)
M1: Attempts to expand (cosé +isin 0)7 including a recognisable attempt at binomial coefficients

Some simplification may be done at this stage. (May only see imaginary terms)
MZ1: Identifies imaginary terms with sin 76
Al: Correct expression with coefficients evaluated and i’s dealt with correctly

M1: Replaces c0s” @ with 1—sin’ @ and applies the expansions of (1-sin? 0)2 and (1-sin’ 9)3t0

their expression

Al*: Reaches the printed answer with no errors and expansion of brackets seen.

(b)

M1: Makes the connection with part (a) and realises the need to solve sin76=-1

Al: At least one correct value for 70

MZ1: Divides by 7 and deduces that x values are found by finding at least one value for sin@
Al: Awrt 2 correct values for x

Al: Awrt all 4 x values correct and no extras
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Question
Number

Scheme Notes

Marks

12(a)

Condone use of e.g. C +iS for cosx +isinx if the intention is clear.

(cosbx =)Re(cosx +isin x)5 =C0S° X +(2jcos3 x(isin x)2 +G]cosx(isin x)4

Identifies the correct terms of the binomial expansion of (cos x +isin x)’

They may expand (cos x +isin x)5 completely but there must be an attempt to extract

the real terms which must have the correct binomial coefficients combined with the
correct powers of sin x and cos x. Condone use of a different variable e.g. 6.

M1

(cos5x =)cos® x—10cos’ xsin® x +5cos xsin® x
Correct simplified expression. Condone use of a different variable e.g. 6.

Al

= cos x(cos4 X —10cos? xsin? x + 5sin* x)
= cosx((l—sin2 x)2 —10(1—sin2 x)sin2 X +5sin’ x)

Applies cos® x =1-sin’ x to obtain an expression in terms of sin x inside the bracket.
Condone use of a different variable e.qg. 6.

M1

Correct expression. Must be in terms
of x now. The “cos5x =" is not
required.

=Cos x(lein4 x —12sin? x +1)

Al

(4)

(b)

Allow use of a different variable in (b) e.g. x for all marks.

€c0s58 =sin20sin @ —cos @
= cos«9(163in4 0 —12sin? 0+1) = 2sin? @ cos & —cos @
:>cos¢9(165in4¢9—14sin20+ 2):0
Uses the result from part (a) with sin 20 = 2sin & cos @ and collects terms

M1

16sin* @ —14sin’0+2=0
7+17
16

=sin?0= =sinfd=...

Solves for sin?@ by any method including calculator and takes square root to obtain at
least one value forsin&. Depends on the first mark. May be implied by their values of

7+17

16

sing or 6. NB =0.69519..., 0.17980...

dM1

=0=..

sing— |TEV17
16

NB 1/”1?_7 —0.833783..., 0.424035..

A full method to reach at least one value for 6. Depends on the previous mark.
May be implied by their values of 6

ddM1

(6=)0.986, 0.438 Correct values and no others in range.
Allow awrt these values.

Al

(4)

Total 8
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Note that it is possible to do 7(b) by changing to cos @ e.q.

cosO(16sin* 6 —12sin’ 0+1)=cose(16(1—cos2 o) ~12(1-cos’ 9)+1)
cos&(lG(l—cos2 9)2 —12(1—cos2 6’)+1) = 2sin?@cosd — cos O

16cos* @ —18cos’* 0 +4=0

9+.17 9+.17
16

16

cos?f = = cosf =

(6=)0.986, 0.438

This is acceptable as they used part (a) and can be scored as:
M1: Uses part (a) with sin®#=1-cos” @ and sin26 = 2sin&cosé and collects terms.

dM1: Solves for cos*@ by any method including calculator and takes square root to obtain at least one
value forcos@ . Depends on the first mark. May be implied by their values of cosé or 6.
NB 9J_r\6/1_7

T 0.82019..., 0.30480...

dM1: A full method to reach at least one value for 6.
Depends on the previous mark. May be implied by their values of

NB Jgiles/ﬁ =0.905645..., 0.552092...

Al: (9=)0.986, 0.433
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13a) |, _h+Z _35-251-29+30%i
2 2
1— o1 ]
A=+ ul =35—25|+§(—64+64|)=... M1 1.1b
1— 1 .
a=zz+§zzzl=—29+39+§(64—64l)=...
=3+7i* Al* 1.1b
(2)
(b) ﬂ(zl—a)z(ﬂ (35— 25i — 3+ 7i)) =| =" |(32-32i) =
64 64
1 1 M1 1.1b
= —(32-32i +32i —32i% ) = — (32— 32i + 32i +32)
64 64
:i(64):1* Al* 1.1b
64
2
©)(i) Roots are
. i~ izl . A Sm iki
{eo(orlore'z”)},e3,e 3 e7e3 e3 ore3d, k=012345
Bl 1.1b
) iz oq%E 4E 27 iz
{eo(orlore'z”)},e3,e 3 g7 e3e 3 ored, k=-2,-10,12,3
(1)
(c)(ii) K ei%ﬂ
64(cosk3”+isink§j(1—i)
=z= P +3+7i=... M1 1.1b
@+n@a-m
(19+16J§)+(—9+16J§)i (—13—16J§)+(23—16J§)i
Two of
(—13+16J§)+(23+16J§)i (19—16J§)—(9+16J§)i AL ”E

Or four correct decimal answers
46.7 + 18.7i —40.7-4.7i 14.7 + 50.7i —8.7—-36.7i
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(19 +16J§)+(—9 +16J§)i
(—13+16\@)+(23+16\@)i

All four of

Al 2.2a
(—13—16J§)+(23—16J§)i
(19—16@)—(9+16J§)i
(4)
Alternative 1
(B(z-a))°=1°=(2-a)® = % = 8589934450i
r = 8/858993459 = 32+/2 or 45.25... and 9=%+% or M1 | 3.1a
g T Kk
4 3
z=r(cos€—isin¢9)+3+7i:... M1 1.1b
(19+16J§)+(—9+16J§)i (—13—16J§)+(23—16J§)i
Two of
(—13+16J§)+(23+16J§)i (19—16J§)—(9+16J§)i AL ”E
Or four correct decimal answers
467 +187i —407-47i 147+507i —8.7—36.7i
(19+16J§)+(—9+16J§)i
All four of
(—13+16J§)+(23+16J§)i
Al 2.2a
(—13—16J§)+(23—16J§)i
(19—16J§)—(9+16J§)i
(4)
Alternative 2
1 B
) 2 2 35 3 -29) (3
Rotation matrix and - or —
Bl —25) |7 39 ) |7
7 E M1 3.1a

Or

. i 35 3 -29 3
find the exponential form for - or -
-25 7 39 7
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324/2e% or 324/2¢ 4
1B 1B
2 2 32+3=...or 2 2 —32+3=
B |\=32) 7 HBoo1 |32) (7
2 2 2 2
Or M1 1.1b
324/2e* xe? —... then applies r(cos@—ising)+3+7i=..
324/2e * xe® —... then applies r(cos@—isin@)+3+7i=...
(19+16J§)+(—9+16J§)i (—13—16J§)+(23—16J§)i
Two of
(—13+16J§)+(23+16J§)i (19—16@)—(9+16J§)i
Al 2.5
Or four correct decimal answers
46.7 +18.71 —40.7-4.7i 14.7 + 50.7i —8.7—-36.7i
Or as coordinates
(19+16ﬁ)+(—9+16ﬁ)i
All four of
(—13+16J§)+(23+16J§)i
Al 2.2a
(—13—16J§)+(23—16J§)i
(19—16J§)—(9+16J§)i
(4)
(11 marks)
Notes:
(a)

M1: Attempts the midpoint of z, and z,

Al1*: Correct point.
(b)

M1: Substitutes into the equation with z; and « and £, simplifies and expands and applies i>=—1, this

may be implied by their working.

Al1*: Completes the proof to find the correct answer with no errors seen, all necessary brackets as required

Mark (c) as one

(© ()

B1: Correct roots, accept all 6 listed or given in general form as in the scheme. Need not show the 1.

(c)(in)
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M1: Realises the need to set the roots of unity equal to #(z —e«) and solve for z. Must be attempted at least
once with any of their roots.
M1: Finds the Cartesian form for their equation for at least one of the roots other than z; and z,

Al: At least two correct other roots than z, and z, in Cartesian form.

Al: Deduces all four correct in Cartesian form and no extra solutions
Alternative 1

M1: Finds the modulus and argument of (z —a)6

M1: Finds the Cartesian form for one of their modulus and arguments
A1ALl: same as above

Alternative 2
M1: Finds the rotation matrix and subtracts the centre from z, or z,. Or finds the exponential from for

Z,-aorz,-a

M1: Finds the Cartesian form by multiplying by the rotation matrix and adding the centre. Or multiplies by

e§I write in Cartesian form and adds on the centre
Al1Al: same as above

Note all four correct decimal answers or written as coordinates score A1AQ
46.7 +18.7i —40.7-4.7i 14.7 + 50.7i —8.7-36.7i
Note: Correct answers implies the method marks
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Number
14(a) (cos660 =)Re(cosd +isin@)’ = cos® @ —15cos* @sin® 6 +15cos? Fsin* @ —sin®0 | M1AL
cos® 8 —15cos* Osin? @ +15cos? @sin* @ —sin® @
= cos® @ —15cos* 9(1— cos? 9) +15c0s? 0(1— cos? 9)2 - (1— cos? 0)3 M1
=c0s® @ —15c0s* @ +15c0s® @ +15c0s” 9(1— 2c0s? 6 + cos* 9) - (1— 3cos? 9+ 3cos” @ —cos® 9) AL
c0s 660 =32cos® @ —48cos* @+18cos* & —1*
(4)
(b) 48x° —72x* +27x?>—-1=0
3 1 1
X=C€0S0 = —c0s60+—=0=cos6f =...| —— M1
2 2 3
00369——E:>66— = 0=
=3 =... =... dML
(pv 60 =109.5°, 1.91 rad, # = 18.25°, 0.318 rad)
X =c0s8 =... (commonly 0.950) Tdm1
x=0.204 Al
(4)
Total 8
Notes:
(@)
M1:  Attempts the binomial expansion of (cosé +isin 19)6 and extracts the real terms. Binomial

Al:
M1:

Al*:

(b)
Note:

M1:

dM1:

dM1:

Al:

coefficients should be correct but allow if there are sign errors. Ignore errors on imaginary
terms. Allow use of (c+is)® notation.

Correct extracted expression. Need not be set equal to cos 66 at this stage.

Applies sin? @ =1-cos” g to obtain an expression in cos & only.

Sets equal to cos 66 and fully expands the square and cube brackets (must be shown) then
completes with no errors to obtain the given answer.

The question says hence and thus methods via solving the cubic in x? and square rooting
the smallest root score no marks.

Attempts to use the result from part (a) and obtains cos60 =k, |k| <1, k =0

. 1).
Solves to obtain at least one value for 6. If the 660 = arccos(—gj IS seen, accept any value

that follows for the attempt, but if this method is not shown answers must be correct for
their value of cos(6¢) . The principal values are shown in the scheme. Other values that

may be seen are

In radians: for 66 4.33, 8.19, 10.66, 14.48, 16.94 ; for # 0.73,1.37,1.78, 2.41, 2.82
In degrees: for 6 251°, 469°, 611°, 829°, 1331°; for 6 41.8°, 78.2°, 102°, 138°, 222°;
Depends on first M. Reverses the substitution to find at least one value for x.

Full list of values for reference: 0.950, 0.746, 0.204, —0.204, —0.746, —0.950

Awrt 0.204 and must be seen identified as the answer, not just given in a list.

Note those who find cos66 = —% but go on to find 66 = arccos% =1.23 (70.5°), and so

6=0.

205 (11.8°) etc (0.979 as primary answer) may score the M1IMOMZ1AO but watch out for

1
those who use 7 —arccos5 as these can score full marks.
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9(a) 6
Alt (z+1] :26+624+1522+20+§+£4+i6
z A AR
M1A1
= (zﬁ +i6j+6(z4 +i4j+15(22 +i2)+20
z z z
=2c0s66+6(2c0s46)+15(2c0s260)+20
= 20560 +12(2co0s’ 20-1)+30(2cos’ 0 -1)+ 20
2 2 2 M1
= 2cos60+12(2(2cos 0-1) —1)+3o(2cos 0-1)+20
64.cos® 0 = 2cos 60 +12(8cos” & —8cos® 0 +1)+60cos” 0 —30+ 20 AL
= c0s66 =32cos’® & —48cos” & +18cos” & —1*
(4)
Notes:
()
6

M1:  Attempts the binomial expansion of (z + zfl) , groups terms (may be implied) and

attempts to replace the z" + z™" to achieve an expression in cosines. Allow if there are

errors in the “2cos(né) ”.
Al:  Correct expression in cosines. Need not be set equal to 64cos® 4 at this stage.
M1:  Applies cos2A=2cos* A—1repeatedly to write the cos46 and cos26 in terms of cos ¢

only.
Al1*: Sets equal to 64cos® 0, expands all brackets and rearranges to the given expression with no

errors to obtain the given answer.
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Question

Scheme Marks
Number
15(a) | (cos@+isin 9)5 =C0s56 +isin50 B1
= cos’ §+5cos* (isin 9)+Mcos39(isin 0)
2!
5x4x%x3 5x4x3x2 M1
+ 2 cosz6(isin0)3+Tcosﬁ(isin9)4+(isin6’)5
= cos’ @ +5i cos” @sin & —10cos’ 9sin’ 6—10i cos® @sin® @ +5cos Osin’ +isin® @ Al
sin58 =5cos* @sin #—10cos’ Asin® §+sin° @
:5(1—sin2H)zsine—lo(l—sinz6’)5in39+sin59% M1
=5(1-2sin’ @ +sin" 0)sin 0 -10(1-sin’ 0)sin® 6 +sin° 0
sin56 =16sin° @ —20sin®#+5sind  * Al* (5)
Alternative: Using "z—l" 7° —%:Zisin 50 oe Bl
4 4
1 5
Binomial expansion of (Z —Ej M1
32sin® @ = 2sin56 —10sin 36 + 20sin & Al
Uses double angle formulae etc to obtain sin36 = 3sin @ —4sin® @ and then use it M1
in their expansion
sin50 =16sin° @—20sin’ #+5sind  * Al* (5
(b) Let x=siné 16x5—20x3+5x=—% = sin50 =... M1A1
=0= %Sin_l[i%j =38.306 (or —2.307,69.692.110.306, 141.693,182.306) dM1
(or in radians —0.0402...0.6685..., 1.216...,1.925...,2.473...)
Two of (awrt) X =sind=-0.963, —0.555, —0.040, 0.620, 0.938 Al
All of (awrt) x=sin®=-0.963, —0.555, —0.040, 0.620, 0.938 Al (5)
z0 . . . ~1, . . .
4 5 _ 3 _ _ 4 _ —
©) jo (4sin®0-5sin® 0 —6sin0)do = jo 4(sm50 5sin@)-6sin HJdH M1
= l(—1c0556’+5c036?)+6c036? =[—ic0359+§c030}4 Al
140 5 1o 20 4 0
1
1 ——cos—+5003——(——+5H+6cos——6
:l{lx..i+..i—4ﬂ+i—6 dm1
45 02 02 5 2
_72 36 Al (4)
20 5
[14]

Notes
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(@)
B1

M1

Al
M1

Al*

(b)

M1
Al
dm1

Al
Al
(©)
M1
Al

dm1
Al

Applies de Moivre correctly. Need not see full statement, but must be correctly applied.

Use binomial theorem to expand (C059+isin 8)5 May only show imaginary parts - ignore errors in
real parts. Binomial coefficients must be evaluated.

Simplify coefficients to obtain a simplified result with all imaginary terms correct

Equate imaginary parts and obtain an expression for sin56 in terms of powers of sin@ No cos &
now

Correct given result obtained from fully correct working with at least one intermediate line wit the
(1—sin2 (9)2 expanded. Must see both sides of answer (may be split across lines). AO if equating of
imaginary terms is not clearly implied.

Note Answers only with no working score no marks as the “hence” has not been used. But if the first
M1A1 gained then dM1 may be implied by a correct answer.

Use substitution x =sin @ and attempts to use the result from (a) to obtain a value for sin56
Correct value for sin56

. 1
Proceeds to apply arcsin and divide by 5 to obtain at least one value for 6. Note for Sin58 = E the

values you may see are the negatives of the true answers.

FYI: (50 =-11.53...,191.53..., 348.46..., 551.53..., 708.46..., 911.53...) (Or in radians —0.201...
3.3428..., 6.0819..., 9.6260..., 12.365..., 15.909...)

Proceeds to take sin and achieve at least 2 different correct values for x or sin @

For all 5 values of x or sin& awrt 3 d.p. (allow 0.62 and — 0.04)

Use previous work to change the integrand into a function that can be integrated
Correct result after integrating. Any limits shown can be ignored

Substitute given limits, subtracts and uses exact numerical values for trig functions
Final answer correct (oe provided in the given form)
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Question Scheme Marks
Number
16(a) | (cos@+isin 9)4 =c0s460 +isin46
.. 4 ..
cos* @ +4cos’ (isinb) +24'3cos2 6(isin 0)2
4x3x2 | Mi
+ cos 6?(isin6?)3 +(isin 0)4
3!
=cos' @ +4icos’ @sin@+i’6cos” Osin® @ +4i’ cosPsin’ @ +i*sin* @ Al
cos 46 = cos* @ —6.cos” Gsin” @ +sin* @ M1
sin46 = 4 cos’ @sin & —4cos Gsin’ O Al
sind®  4cos’ @sind—4cosHsin’ O
tan 40 = =— PN -
cos4fd cos”'@—6cos” Gsin” G+sin” @
sindd  4tan@—4tan’ O
tan460 = = * *
cos46 1-6tan’@+tan* 6 MIAL™ (6)
_ 3
M) | x=tanp 2RNO-ZNO 1 40—
I-6tan"@+tan" 6 2
tan40 =2 MIl
x=tand =0.284, 1.79 AlA1 3)
[9]
(a)
M1 Correct use of de Moivre and attempt the complete expansion
Al Correct expansion. Coefficients to be single numbers but powers of i may still be present.
M1 Equate the real and imaginary parts
Al Correct expressions for cos46 and sin 46
in460
M1 Use tan46 = - 19 and divide numerator and denominator by cos*# Only tangents now.
cos
Al * Correct given answer, no errors seen.
(b)

M1 Substitute x =tan# and re-arrange to tan46 =12 or i%

A1 for either solution; A2 for both. Deduct one mark only for failing to round either or both
to 3 sf

(One correct answer but not rounded scores AOAOQ; two correct answers neither rounded
scores A1AQ; two correct answers, only one rounded, scores A1A0)

AlA1l

18
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Question Scheme Marks
Number
Alternative for first 4 marks of 7(a):
1 1 4 . . -4 M1
sin4d=—(z'-z")= —( cos@ —isin@) —(cos @ +isind
2i ( ) 2i ( ) ( ) )
M1
= %(cos4 0 +4icos’ @sin @ —6¢cos’ Osin® @ —4icosOsin’ @ +sin* 0)
i
—%(—cos4 0+ 4icos’ @sin @+ 6cos” Bsin” @ —4icosOsin’ @ —sin’ 0)
i
=4cos’ @sin@—4cosBsin’ 0 Al
Similar work leads to cos46 =cos* §—6cos’ @sin* & +sin* 0 Al
Remaining 2 marks as main scheme
M1 For the expression derived from de Moivre for either sin46 or cos460
Al Both shown and correct
M1 Attempt the binomial expansion for either, reaching a simplified expression
Al Both simplified expressions correct

19
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