
Sums of Series involving
Complex Numbers
Worked Solutions
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�. The infinite series C and S are defined by

C = cos ș + 
1

2
cos 5ș + 

1

4
cos 9ș + 

1

8
cos 13ș + …

S = sin ș + 
1

2
sin 5ș + 

1

4
sin 9ș + 

1

8
sin 13ș + …

Given that the series C and S are both convergent,

(a) show that

C + iS = 
i

4i

2e

2 e

θ

θ−
(4)

(b) Hence show that

S = 
4sin 2sin3

5 4cos4

θ θ
θ

+
−

(4)
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a) C + is = COSO + cos(E7 + cos(40) +.... + isino

+ tis in(s8l + Eisin (Pt) +....

= cost +is inf + & (cos (30) + isie (st)) + b (c0s(30) + isin (st))+.. -

DMT cit+sit edt .

二 edio {CinceSo=qr )

= eiθ
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Question 1 continued
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6) Can't find S just yet since denominator is complex .

- 4iE

Ctis = edio ×政 1/ This is the key step
.

2 - e
-& 《θ It's slightly different to

how you would rationalise

=
Re-
zedio-ze

'tiI

i (× 皆 )

=
Kcosot fisin θ-2co」E30) -zisint2 (exio- e

- tio ) Since

↓
cost-b) = 10s (t)
& sin(-0) = = Sin (0)

= Rcosθ-zc 0s(3 θ )t
楽- 2 (2 cos (do )) *

Z ↑+社 = 2 cos (a@)

S = [m(c + is)
see textbook .

= 4

sostdon ロ
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� Convergent infinite series C and S are defined by

C = 1 + 1
2 cos θ + 1

4 cos 2θ + 1
8 cos 3θ + . . . ,

S = 1
2 sin θ + 1

4 sin 2θ + 1
8 sin 3θ + . . . .

(i) Show that C + iS = 2

2 − eiθ . [4]

(ii) Hence show that C = 4 − 2 cos θ
5 − 4 cos θ , and find a similar expression for S. [4]

**

See Q1 if you're

a) C+i) = 1 + t ei0+ e2it
30. e not sue about

first line.

= vei∞ × 를 1s. = ;. )
=

‰

b) Ctis = Cσ × - io
二2e-ze- +

I

= 4-

2( e^ re - io )to
)( -o)

sin (-a ) = - Sin ( θ
)ニ 4 一2( 2co( θ ) ⑤得簡器。

-

: ( = Re (C+ is) =-
acoso



� The integrals C and S are defined by

C = ! 1
2π

0
e2x cos 3x dx and S = ! 1

2π

0
e2x sin 3x dx.

By considering C + iS as a single integral, show that
C = − 113(2 + 3eπ),

and obtain a similar expression for S. [8]

(You may assume that the standard result for ! ekx dx remains true when k is a complex constant, so
that ! e(a+ib)x dx = 1

a + ibe(a+ib)x.)
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(*)

Ctis = S
.

"
er 'cos ( se)dictofo"

"

e '
sin (sre)dss

=(iYcos(3x) + jesin()]e es

= 。
*

" e

2
'( coslsel tosin (rel)

dsx

={
。

"
ェ
"

ez
'

csise dis

=(2bi de

= csie ]
。

" "

(byx)

- : [etsip]



= 家 ( ecsi) *
"

-

e
* si ) o)

=(e_ 1 )

=( e'e 'ni- 1 )

= ( e ”Ccos'n )+ isin” ) ーコ )

=t : (e"(-i) - 1)

= (-e *-1) by rationalising

= [be+i(-ze

C = Re ( ctis ) = 一躍
”

= 話 (3e^+ 2)

S = In (ctis) = 躍
”
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4. (a) Given that  | z | < 1 ,  write down the sum of the infinite series

1 + z + z2 + z3 + …
(1)

(b) Given that  z = 
1

2
(cos θ + i sin θ) ,

(i) use the answer to part (a), and de Moivre’s theorem or otherwise, to prove that

1

2
sin θ + 

1

4
sin 2θ + 

1

8
sin 3θ + …  = 

2sin

5 4cos

θ
θ−

(5)

(ii) show that the sum of the infinite series  1 + z + z2 + z3 + …  cannot be purely
imaginary, giving a reason for your answer.

(2)
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a) ( HE +E
2
+ Z

3
+… = 夜 $∞ = q )

6) Let C = 1 + EcuSE + ycos(28) + -- -

S = Esino +& sin (20) +.. - .

C + is = 1 + !eit ++ ...=i (by()

= 2eo

= ... - . (see Q2)

= R - 2 c 0

sacose
& sint + sin (20) +.. --

= Im ( Ctos) = cosθ
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i) Suppose 1 + z + zi + .. - is purely imaginary ,

tuen Re(C + is) = 0

i.

e. = ·

4 -220S8 = 0

2 =cosE

which is not possible sincecost

- Re(C +is) f0 and so l + z+z +.. .

is not purely imaginary



Let S e e e e
2 3 10i i i if= + + + +i i i i .

(i) (a) Show that, for 2n!i r  , where n is an integer,

2

1

sin

S
i

e e
10

2
1

i i
2
1

i
=

-i i

a
_

k
i
. [4]

(b) State the value of S for n2i r=  , where n is an integer. [1]

(ii) Hence show that, for 2n!i r  , where n is an integer,

2 3 10cos cos cos cos

sin

sin

2
2

1

2
1

2
21

fi i i i
i

i
+ + + + = -a

a
k
k

. [3]

(iii) Hence show that 11
1i r=  is a root of 2 3 10 0cos cos cos cosfi i i i+ + + + =  and find another

root in the interval 0 4
11 1i r . [4]
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5

10 i t

i)a s = eitzi0
3i..e

:
e←℃
ーい感 × っ心

-

"ki θ

:
-
e

-KGti
.
na-uot' saltisinf'nat

= sin
( 'zo )

Since
is in (- A)
- isin (10)

&cus(-10) = cos(120)



ib) if 0
= 2 ntt

zOnMi

S= 22n1iRuli t ... t

but cos(2nH) = 1 & Sin (ii) = 0 for all
ut1 .

- - S =
I
+ I + - - - + I = 10

n whizafror

.
s
}

.
" "

ie ' iirtie ."前
nn ,,

:
"

=
- icos( 号 + sin( 当 ticosi

- sin (*

2 sin ( 2 θ )

cOSO + cos(r0l +... . + cos(100) = Re(s)

=幽(
', σ )

= sin((i σ ) 一元
ー

iti) sin (臨
( *)
一

㎡”
器)
{

Sin (17 -8) = Sin(0)
ーフ

= ”

籔遽 = 語 0



to find other roof

)

一= 0

⇒ sn (일~ (
n θ )

= 한

sin ( ±σ )= sin( " k θ
)

릴별 약 릴갈야 릴별버리
I 1θ= 17

10 θ = 217

ntvalid θ

doleady ₩ 읔 n
=
_
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� (i) Show that, if z !!1 and z ! 0,

1
z

z z
1- zr

n n
2 1

-1

2
=

-
-

r=
/ . [2]

1 sin2r sin2n-1
n

i
i
i=

r=
/ sin^ h . [6]

(ii) Hence show that, if si in 0! ,

(iii) Hence find the exact value of

sin
23sin i d

0

6
1

i
i

r< . [3]

******

i) 香EIr =ZTE 3 TESt - a+ Z 2
u-
"

= Z (器
= EC一瓷 ×
= 1にも

i) Let z = cost is int

(+ is =前 Z
2 r州

=“Z =

1 -to) - isi-to

=evivoi see sil
as

2 int

=

晶
^ p. T.0



but Sit sink-t is just Im (2 + is)

ー …

sぎ
("ee cosCaA ) = - 2 sinとA)

= 2 s~
( θ이

= sinm(θJ as required
.

"vi)
f
.

" "
s없게 = .

".

sin( k-)θ) d-

=(
"
*YsinG + sin(E) + sinBo))

do

]=  -cosOr,/COS (8) -I cos (8) **
ニ …

=皇 + 荒) _(- - 話-

= 庁 (23 -63 ) o
- 一




