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1) () | {arg(zy) =}tan™* ()

(a) (ii) | or{arg(z) =}tan™*(-1)
or {arg(z,) =} — tan™! (z)
or {arg(z;) =} -~

or {arg(z,) =}2n —% = —

Bl 2.3

or states should be — 3 not 3 on top

Zq _ _
States that{arg (Z) —} arg(zy) —arg(z,) B1 53
Or states that the arguments should be subtracted

)
s () - (omr- )3} 5
Or Bift | 2.2a
fora (2) = (e ) -3} 57
D)
(3 marks)
Notes:
(@) (i)

B1: See scheme, Condone — 45
Any incorrect arguments seen is BO.

arg(z,) = tan™! (_%) is BO

Note: They used 3 instead of — 3 is B0, there are two 3’s in line 1 do they mean both should — 3
It should be negative is BO

(a) (i)
B1: See scheme
(b)

B1ft: States a correct value forarg (z—)FoIIow through on their answer to part (a) (i), do not ISW

1
2
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Question Scheme Marks = AOs
2(a
@) 0. |z|=+/(-4)2+4% Orargz =7Z'—%0€ M1 | 11b
(1 =)4\/§(COS?’T”+isin3T”) oreg. (z =)\/§(cos37”+isin37”j Al 1.1b
(2)
b)(i " "
(b)» 4 42 cos("g—”"—ﬂ—”j+isin["?’—ﬂ"—l?—”J =
Z, 3 4 12 4 12
or
At 37, 177
o _tazet a2 [T
z, Uz, 3
3e 12 M1 3.1a
or
V26 .(V2+6
7z _ —4+ 4i y 4 4 _
ZZ 3 \/E_\/E —i \/E"'\/g \/E_\/g +i \/§+\/§
4 4 4 4
YNCWN 22 26 . 242 [ 26
N2 _NTor — - or — -
3 3 3 3 3 |3 Al 11b
)
Notes

(a) Correct answer with no working scores both marks in (a)

M1: Any correct expression for |zl| or argz; e.g. |z| = [(—4)> +4% orargz, = ;;_%

Al: Correct expression. The "z, =" is not required.
This mark is not for correct modulus and correct argument it is for the complex number written in the

required form. Condone the missing closing bracket e.g. (z, :)\/372(cos37”+ isin%[

(b)(i) Correct answer with no working scores no marks in (b)(i)

M1: Employs a correct method to find the quotient. E.g.
e uses modulus argument form and divides moduli and subtracts arguments the right way round
o uses exponential form and divides moduli and subtracts arguments the right way round
e converts z, to Cartesian form and multiplies numerator and denominator by the complex

conjugate of the denominator. Allow if the “3” is missing for this method. Allow with decimals for

X = ...
z, —0.258...-0.965...i —0.258...+0.965...
If they convert z, to Cartesian form it must be correct as shown or correct decimals.
Al: Correct exact answer in the required form.

Do not allow e.g. ‘%(ﬁ+ﬁi) or ﬂ

iISw.
Provided a correct method is shown as above, allow to go from the forms in the main scheme to the
correct exact answer with no intermediate step.

unless a correct form is seen previously then apply



Edexcel - A-level Further Maths - Core Pure 1 - June 2023
Compiled By London Academy Of Maths | Created By Pearson Edexcel

(©)(i) and (ii)
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Notes:

©0)

B1: z, and Z, correctly positioned. Look for correct quadrants with Z; approximately on

y =—xand Z, belowy = x closer to the origin than Z;. Note that the points are

usually labelled but mark positively if it is clear which points are which if there is
no labelling.

Bl

1.1b

B1ft: 4 in the correct quadrant. Follow through their answer to (b)(i).
Z;

Note that the point is usually labelled but mark positively if it is clear which point it
is. It is sometimes labelled as Z3 which is fine.

B1ft

1.1b

(i)
M1: Draws a line (solid or dashed) that is the perpendicular bisector of z,z, or draws a
line that crosses z,z, and shades one of the sides of this line.

M1

3.1a

Al: A line drawn (solid or dashed) that is the perpendicular bisector of z,z, with either
side shaded as long as it is clear they are not discounting the upper region. The Bl in
part (i) may not have been scored but Z; must be in quadrant 2 and Z, in quadrant 3.

Note that some candidates are drawing the region on a separate diagram and this is

acceptable. You do not need to see a line joining Z;to Z,.

Al

1.1b

(4)

(10 marks)




3(i)

(ii)

M1 3.1a
Al 1.1b
Bl 1.1b
3)
m=tan(§j{=\/§-} and y—O:m(x—Z)
M1 3.1
leads to y—0=\/§(x—2) or y=\/§x—2\/§ ‘
Al 1.1b
m=tan(§j{: ?} and y—0=m(x—(—1))
\/_ \/_ Al 1.1b
NE) 3 3
leads to y—0=?(x—(—1))or y:T;H_T
\Ex—2\/§=?x+?=>x=... Ml | LIb
Y=*/§G)—2\/_=-~- Ml | 1.lb
{w=}z+ﬂi Al 2.1
2 2
(6)
Alternative
6 3 x, 3 X,
Y
Al 1.1b
Al 1.1b




yﬁ=y§+3:>y=... M1 3.1a

Uses x= y\/§—1 or x= ? y + 2 with their value of y leading to a value M1

1.1b
for x
(we) 1+ 33, Al 2
2 2
(6)
(9 marks)
Notes:
()

M1: Draws a single straight line through both axes with a negative gradient. Ignore any line joining (3, 0)

and (0, -6)

Al: Draws a single straight line through both axes with a negative gradient which has a negative y intercept.

Ignore any intercept marked on the axes. Ignore any line joining (3, 0) and (0, -6)

B1: Shades the area above their straight line (not a bounded region such as a triangle bounded by the axes and
the line)

(ii)

M1: Finds the Cartesian equations for both loci by using the gradient as tan(argument) and correct

coordinate. Must be an attempt at both equations but one correct equation scores this mark

Al: One equation correct, need not be simplified

Al: Both equations correct, need not be simplified

M1: Solve simultaneously to find either the real or imaginary component.

M1: Finds the other component to complete the process of finding w.

A1l: Correct exact answer

. 7
Note: If leaves the answer as a coordinate this is AO. If defines w = a + b1 and then states g = E and

b=¥ this is Al

Alternative

M1: Use both arguments to form equations involving x and y
Al: (One correct triangle) value for x in terms of y

Al: (Two correct triangles), values for x in terms of y

3
M1: Forms and solves an equation y\/g =y 3 +3= y=... must be come from x, =x , +3

3
M1: Uses their y value and x = y\/§ —lorx= g y+2 to find a value for x

A1l: Correct exact answer

Note: If candidates use decimal instead of exact values throughout allow the method marks

y=1.73x—3.46 and y =0.58x+0.58



Question Scheme Marks AOs
4(a) |z|=+13and argz, = tan™* [g] Bl | 1.1b
z, = v/13(c0s 0.9828 + isin 0.9828) Bift | 1.1b

)

(b) A complete method to find the modulus of z,

M1 3.1a
=9 Al | 11b
|2,| = V13 and uses|z,z,| = |2, x|z,| = 39v2 = |z,| = 326 or /234 '

A complete method to find the argument of z,
™
e.g. arg(zlzz)=arg(zl)+arg(zz):Zﬁarg(zz)z... M1 | 3.1a
3 Al 1.1b
arg(zz):z—tanl[—] or £-0.9828 or —0.1974...
4 2 4
z, =326 (cos ('~ 0.1974...") +isin (~ 0.1974...")
or
b b ddM1 | 1.1b
z,=a+bi =a’+b*=234andtan " (—0.1974)=—=—=-0.2
a a
=a=..andb=...
Deduces that z, =15—3ionly Al 2.2a
Alternative z,z, =(a+bi)(2+3i)=(2a—3b)+(3a+2b)i
(2a—3b)" +(3a+2b)" = (39\/5)2 or 3042
M1 3.1a
2 2
=a" +b° =234 Al 11b
or
|2,2,| =|2,|x|2,| = 39v2 = |z,| = 3J26 or /234
=a’+b*=234
arg[(Za—3b)+(3a+2b)i] :%: tan‘l[%] :%: 2a+:23g =1 M1 3.1a
a- a- Al | 11b
=a=-5b
Solves a=—5b and a* +b® =234 to find values for a and b ddM1 | 1.1b
Deduces that z, =15—3ionly Al 2.2a
(6)

(8 marks)




Notes:

(@)
B1: Correct exact value for |zl| =13 and argz, =tan* [g] . The value for arg z, can be implied by

sight of awrt 0.98 or awrt 56.3°
B1ft: Follow through on r =|z,|and 0 = argz, and writes z, = r(cosf +ising)where r is exact and
6 is correct to 4 s.f. do not follow through on rounding errors.

(b)
M1: A complete method to find the modulus of z,
Al: |z,| =326

M1: A complete method to find the argument of z,

AL: arg(z,)="—tan*|2| or T 0.9828 or —0.1974..
24 2) 4

ddM1: Writes z, in the form r(cosd +isin6), dependent on both previous M marks.

Alternative forms two equations involving a and b using the modulus and argument of z, and solve
to find values for a and b
Al: Deduces that z, =15—3ionly

(b) Alternative: z,z, =(a+bi)(2+3i)=(2a—3b)+(3a+2b)i

M1: A complete method to find an equation involving a and b using the modulus
Al: Correct simplified equation a*+b* =234 o.e.

M1: A complete method to find an equation involving a and b using the argument.
2a—3b
3a+2b

Al: Correct simplified equation a = —5b o0.e.

ddM1: Dependent on both the previous method marks. Solves their equations to find values for a
and b

Al: Deduces that z, =15—3ionly

Note tanl[ ] = %this would score MO A0 ddMO0 A0




Question Scheme Marks AOs
5() Im M1 | 1ib
M1 1.1b
Al 2.2a
> M1 3.1a
0] 2 Re
Al 1.1b
5)
(b) (x=1)° +(y-1)" =9, y=x—2=Xx=..,0r y=.. M1 | 3.1a
x=2+@,y=@ Al 1.1b
2 2
2 2
wl’ =[2+@J +[@] M1 | 1.1b
2 2
—11+ 214 Al 1.1b
(4)
(9 marks)
Notes
(a)

M1: Circle or arc of a circle with centre in first quadrant and with the circle in all 4 quadrants or
arc of circle in quadrants 1 and 2

M1: A “V” shape i.e. with both branches above the x-axis and with the vertex on the positive real
axis. Ignore any branches below the x-axis.

Al: Two half lines that meet on the positive real axis where the right branch intersects the circle
or arc of a circle in the first quadrant and the left branch intersects the circle or arc of a circle in
the second quadrant but not on the y-axis.

M1: Shades the region between the half-lines and within the circle

Al: Cso. A fully correct diagram including 2 marked (or implied by ticks) at the vertex on the
real axis with the correct region shaded and all the previous marks scored.

(b)

M1: Identifies a suitable strategy for finding the x or y coordinate of the point of intersection.
Look for an attempt to solve equations of the form (x il)2 +(yJ_r1)2 =9or3and y=+x+2

Al: Correct coordinates for the intersection (there may be other points but allow this mark if the
correct coordinates are seen). (The correct coordinates may be implied by subsequent work.)

V14 14

Allow equivalent exact forms and allow as a complex number e.g. 2 +T Ti

M1: Correct use of Pythagoras on their coordinates (There must be no i’s)
Al: Correct exact value by cso

14 14
Note that solving (x—l)2 +(y—1)2 =9, y=x+2gives X :g’ y= 2+g and hence the

correct answer fortuitously so scores M1IAOM1AOQ




iy |
7

Example marking for 3(a)

M1: Circle with centre in first quadrant

MO: The branches of the “V” must be above the x-axis
AO: Follows MO

M1: Shades the region between the half-lines and within
the circle

AO: Depends on all previous marks

M1: Circle with centre in first quadrant

MO: The vertex of the “V” must be on the positive x-axis
AO: Follows MO

M1: Shades the region between the half-lines and within
the circle (BOD)

AO: Depends on all previous marks

M1: Circle with centre in first quadrant

MO: The vertex of the “V” must be on the positive x-axis

AO: Follows MO

M1: Shades the region between the half-lines and within the
circle

AOQ: Depends on all previous marks

M1: Circle with centre in first quadrant

M1: A “V” shape i.e. with both branches above the x-axis and
with the vertex on the positive real axis. Ignore any branches
below the x-axis.

Al: Two half lines that meet on the positive real axis where
the right branch intersects the circle in the first quadrant and
the left branch intersects the circle in the second quadrant.
M1: Shades the region between the half-lines and within the
circle

Al: A fully correct diagram including 2 marked at the vertex
on the real axis with the correct region shaded and all the
previous marks scored.




Question Scheme Marks | AOs
6 (a) Complex roots of a real polynomial occur in conjugate pairs M1 1.2
S0 a polynomial with zi, z, and z3 as roots also needs z;* and zs* as
roots, so 5 roots in total, but a quartic has at most 4 roots, so no quartic Al 2.4
can have zi, z; and z3 as roots.
)
b zz—zl_—1+2i—(—2)_1+2ix3—i_ M1 11b
(b) z,-z,  1+i—(-2)  3+i 3-i '
—1+6i+2 i1 1.
=3 i+ 61+ =5+5I=—+—| o6 Al 11b
9+1 10 2 2
As %+%i is in the first quadrant (may be shown by diagram),
;s }/ . Al* 2.1
hence arg (gj - arctan| £2 (=arctan(l)) ==*
z,-1, % 4
®)
(c) z,-17 . .
arg P =arg(z,—z,)—arg(z,—z)=arg(1+2i)—arg(3+i) M1 1.1b
37 A
1\ =«
Hence arctan(2)—arctan 3 :Z* Al* 2.1
)
(d) ¥
Line passing through Z and the B1 11b
negative imaginary axis drawn.
Zy
Area below and left of their line
A shaded, where the line must have
negative gradient passing through Bl 1.1b
negative imaginary axis but need
not pass through z,
Unless otherwise indicated by the student mark Diagram 1(if used)
if there are multiple attempts.
)

(9 marks)




Notes

(@)

M1

Al

Some evidence that complex roots occur as conjugate pairs shown, e.g. stated
as in scheme, or e.g. identifying if —1+ 2i is a root then so is —1—2i. Mere
mention of complex conjugates is sufficient for this mark.

A complete argument, referencing that a quartic has at most 4 roots, but
would need at least 5 for all of zi, z; and z; as roots.

There should be a clear statement about the number of roots of a quartic (e.g a
quartic has four roots), and that this is not enough for the two conjugate pairs and
real root.

(b)

M1

Al

Al*

Substitutes the numbers in expression and attempts multiplication of
numerator and denominator by the conjugate of their denominator or uses
calculator to find the quotient. (May be implied.)

NB Applying the difference of arguments and using decimals is MO here.

Obtains %+%i . (May be from calculator.) Accepted equivalent Cartesian

forms.
Uses arctan on their quotient and makes reference to first quadrant or draws
diagram to show they are in the first quadrant. to justify the argument.

(©)

M1

Applies the formula for the argument of a difference of complex numbers
and substitutes values (may go directly to arctans if the arguments have
already been established). If used in (b) it must be seen or referred to in (c)

for this mark to be awarded. Allow for arg(z,-z,)—arg(z,-2,) if z,- 7,

and z, —z, have been clearly identified in earlier work.

Al*

Completes the proof clearly by identifying the required arguments and using
the result of (b). Use of decimal approximations is AO.

(d)

Bl
Bl

Draws a line through z» and passing through negative imaginary axis.
Correct side of bisector shaded. Allow this mark if the line does not pass
through z. But it should be an attempt at the perpendicular bisector of the
other two points — so have negative gradient and pass through the negative
real axis.

Ignore any other lines drawn for these two marks.




7(1) (a)

(i)(b)

(ii)

2431 5—i

ST %5 2+43i=k(1+i)(5+i)=... M1 11a
10—2i+15i+3 13+13i . N
or 2+3i=k(5 5i—1)=...
S % +3i=k(5+i+5i—1) dM1 1.1b
. 2+43i=k(4+6i) therefore
—(1+1) cso : Al 21
2( ) 2+3l=k(1+i) where k=l cso
S+i 2
3
n=4 B1 2.2a
1)
|z|=3 Bl 12
arg(z'°)=10arg( )=—-"—=arg(z)=
M1 1.1b
arg(2*) =10arg(z) = = => arg(z) = {—
T ..
z=3(cos(—g)+1sm(——)]= M1 2.1
33 3. 33
z==r——7iora==x- andb=_% Al | L.lb
4
Alternative
. Bl 12
a +b” =9
10arg z =—5?7r=>arg z =—5?7r+10
T 7 M1 1.1b
Oreg l0arg(z)=—=arg(z)=..{ —
re.g 10arg(z) = = arg(2) {30}
Forming and solving simultaneous equations to find a value for a or b
ézarctan —E]ﬁé—ﬁ——éb:—aﬁ
a a 3 3
M1 2.1
or
™
— =arctan— = b =0.104...a
a 30
Z=ﬁ—§i ora=ﬂandb=_g Al 1.1b
2 2 2 2
C))

(8 marks)



Notes:

@) (@
M1: Selects the process 2+3i X Sl
541 5-—i

dM1: Evidence of multiplying out brackets

Al: Achieves %(1+i) or %(1+i) with no errors cso, isw.

Note: Correct answer from no working score no marks
13+13i

Note: Going from and then stating k = % is AQ, they have not shown the form asked for

Alternative

M1: Multiplies across by (5 + i) and expands the brackets

dM1: Collects terms

2+3i

5+1

1
Al: Achieves 2+3i=k (4 + 6i) and draws the conclusion that therefore =k (1 + i) where k = 5

) ®)
B1: Deduces n =4 only
(ii)

Note: Send to review any attempts where they are finding additional solutions such as arguments of z is

(6k - 5) T T
T For example correctly uses arg ( z) = 20

B1 (M1 on ePen): |z| =3 can be implied by a’*+b* =9 isw
MI: Uses arg(zz,) =arg(z, ) +arg(z,) to find arg(z) = —%THO or arg(z) = % +10

M1: Uses z= their|z|(cos (their arg) + isin(their arg)] to find the complex number z or values for a or b.

As long as the modulus has changed.
Al: Correct complex number or values for @ and b.
Alternative

Bl: a’ +b° =9 isw
MI: Uses arg(zz,) =arg(z, ) +arg(z,) to find arg(z) = _5?”7+10

M1: Uses the argument of z find an equation in a and b . Then solve simultaneously to find a value for a or b.

Aslong as Va’ +b* #59049

Al: Correct complex number or values for @ and b.

Note there are other correct answers

33 3. 3\6+3.

———i

22 T Y
z, =awrt 2.98 +awrt 0.3141 Z; =awrt —2.98+awrt —0.3141
z, =awrt 2.23+awrt 2.01i zg =awrt —2.23+awrt —2.011

Zo =awrt —0.624+awrt —2.931
Z,o =awrt 1.22 +awrt —2.741

z, =awrt 0.624 +awrt 2.93 1
Z; =awrt —1.22+awrt 2.741
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8(a) z *= a — bithen zz *= (a + bi)(a — bi) =... MIl 1.1b
zz *= a® + b? therefore, a real number Al 2.4
(2)
(b) z _ a+bi _ (a+bi)(a+bi) _ (a?-b?)+2abi _ 7 4_\/51 z _ z%2 z
z+  a—bi  (a—bi)(a+bi) a?+b? T 9 9 z* zz* 18 Ml 1.1b
22 =14+ 8V2i or a+ bi = (g+4‘fl) (@a—bi) =..+..i
Forms two equations from a? + b? = 18 or M1 3 1a
2_p2 2_pn2
ab —Zoraz—b2=zor@=ﬂ r iab2=ﬂora=za+ﬂboe Al 1.1b
18 9 a%+b2 9 18 9 a?+b 9 9 9
Solves the equations simultaneously
S . , dM1 | 1.1b
e.g. a“ + b° =18 and a® — b* = 14 leading to a value for a or b
z = +(4 +V2i) Al | 22a
)
(7 marks)
Notes:
(a)()

M1: States or implies z *= a — biand finds an expression for zz *

Al: Achieves zz *= a? + b?and draws the conclusion that zz *is a real number. Accept € R as
conclusion, but not just “no imaginary part”.

(b)

M1: Starts the process of solving by using the conjugate to form an equation with real denominators, and
without z* or i?in the equation. Accept as shown in scheme, or may multiply through by a — biand
expand and gather terms. May be implied by correct extraction of equation(s).

M1: Uses the given information to form two equations involving a and b at least one of which includes

both. It must involve equating real or imaginary parts of ZZ—* = g + 4fi
Al: Any two correct equations arising from use of both given facts. (Note: if multiplying through by a —

bi then equating real and imaginary terms gives the same equation.)
dM1: Dependent on previous method mark, solves the equations to find a value for either a or b.

A1l: Deduces the correct complex numbers and no extras. Do not accept +4 + v/2i

Note: it is possible to solve via polar coordinates, but unlikely to succeed. If you see responses you think
are worthy of credit but are unsure how to mark, use review. Example solutions shown below.
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(b)
Alt

2
L= =2 5 72=-1448V2ior
2 ez 18 " . M1 | L.1b
let arg z = 6. then — = —— = 2! = cos26 + isin26
Z* re
z? = 18(cos a + isina)where tan a = # =z =118 (cos%a +
isinla)Orc0529+isin29—Z+4—ﬁi:2cos 2g—1= M1 L.1b
2 T 9 9 - Al 1.1b
Z,Zsin@cos@zﬂ
9 9
coslaz\/l(1+cosa)=\/l(1+z) =...and sin~a =
2 2 2 9 2
Ml A
\/l(l—cosa)z\/l(l—z) =...0r:>cos€=£,sin9=l,r=|Z|= d 3.1a
2 2 9 3 3
Vzz* =+/18
z = +(4 +V2i) Al | 22a

S))




Question Scheme Marks AOs
o(a(i
@ (=5, 12) or -5 + 12i Bl | Llb
(i) r=10 B1 | 1.1b
2
(b)
A
Im
10
B1ft 1.1b
Re>
€))]
(© OC = /5% +122 M1 | 1.1b
|2] e = V5° +12° +10 M1 | 3.la
=23 Al 1.1b
(3)
Alternative
y=—22x and (x+5)' +(y-12)" =10°
» (12 2
(x+5) + —Ex—12 =10°= X =... M1 1.1b
Or
tan9=%:>9=...{22.61..} X=-5-10sind=...
115, 276
X=-""'my=.{—
13 13
115Y 276)2
|Z|max: T Ty
13 13
Or M1 3.1a
. 15, {36}
X="-"'=y=..4—
13 3
2 2
2] = (_E] +(§j +2x10
13 1
=23 Al 1.1b




3)
(d) {z:0,, arg(z+5-20i), z}=y=20
= (x+5) +8°=100= x=..
AND finds an angle
10° +10% —12?
cosd = L =0.28
2x10x10
Or
M1 3.1a
a?=10 -8 =a=..{6 sin[ =0 |= >
2 10
Or
1
cos| =6 :E
2 10
0 =1.287...or 73.7° or %9=O.6435...0r 36.9° Al 1.1b
1 ., 1 o
Area = EXlO x0—§x12x8 angle in radians
, 6 1 .
Area = 7 x10° x ——=x12x8 angle in degrees
360 2
or
Area = %xlo2 xH—%xlelesin@ angle in radians M1 3.1a
Area = 7 x10? x%—lxloxloxsine angle in degrees
Or
1 5 1
Area = 2| —=x10°x@—-—x8x6
2 2
=awrt 16.4 Al 1.1b
(4)
(10 marks)
Notes
(@)
B1: Correct centre, condone (—5,12i)
(a)(ii)
B1: Correct radius
(b)

B1ft: A circle drawn with the inside shaded. Follow through their centre and radius.

The centre must be in the correct quadrant and intercept the axes as appropriate.

If they have the correct centre and radius then the centre must be in the second quadrant and the
circle must only intercept the imaginary-axis. If diagram is correct consider this a restart B1.




(c)

M1: Calculates the distance from O to the centre of their circle.

M1: Fully correct strategy for the maximum. E.g. Finds distance from O to centre of their circle
and adds their radius.

Al: Correct answer.

Correct answer with no working and following a correct centre and radius scores MIM1A1
Alternative

MZ1: Finds the equation of the line from the origin to centre and the Cartesian equation of the
circle. Solves simultaneously to find the x values (or y) where the line intersects the circle.

M1: Selects the x coordinate to give the largest distance, find the corresponding y value and then
the distance from the origin.

Selects the x coordinate to give the smallest distance, find the corresponding y value and then
adds on 2 times the radius.

Al: Correct answer

(d)

M1: Recognises that {z :0,, arg(z+5-20i),, | represents the liney =20
and uses this with the circle in an attempt to find the angle or half angle at
the centre.

Al: Correct value for the angle or half angle at the centre.

MZ1: Fully correct strategy for the area of the segment using their values.

Al: Awrt 16.4

Note: finding the area of the major segment using 100z —16.4 =...scores M1IA1IM1A0




Question Scheme Marks AOs
10 (x—3)2-|—(y—5)2 :(2r)2and y=-—X+2 Bl | 1.1b
(x—3)2 +(—x+2—5)2 = (2r)2
or M1 3.1a
(~y+2-3) +(y-5)=(2ry
2x*+18—4r* =0
or Al 1.1b
2y’ —8y+26—4r*=0
b’ —4ac>0=>0"—4(2)(18—4r’) > 0=r> ..
or
X*=9-2r'=9-2r’>0=r>.. dM1 | 3.1a
or
b® —4ac>0=(-8)" —4(2)(26—4r*)>0=r> ..
Finds a maximum value for r
(2r) =5 +(3-2f =>r=.. ML | 3la
32 e J26 oe. Al | 1.1b
2 2 Al 1.1b
Alternative B1 11b
Using a circle with centre (3, 5) and radius 2r and y =—x+2 '
y-5=1(x-3)=y=x+2
M1 3.1a
X+2=—X+2=X=...
(0,2) Al | 11b
2r>J(3-0F +(5-2 =r>.. dM1 | 3.1a
Finds a maximum value for r
(2r)?=5 +(3-2) = r=.. ML | 3da
32 e J26 oe. Al | 1.1b
2 2 Al 1.1b
(7)
(7 marks)
Notes:

B1: Correct equations for each loci of points
M1: A complete method to find a 3TQ involving one variable using equations of the form

(sz3)2 +(yiS)2 = (2r)2 or2r®orr®and y=4x+2
Al: Correct quadratic equation




dM1: Dependent on previous method mark. A complete method uses b® —4ac > 0 or rearranges to
find x* =f(r)and uses f (r)> 0 to the minimum value of r.

M1: Realises there will be an upper limit for r and uses Pythagoras theorem
(Zr)2 = (y coord of centre)2 +(x coord of centre — 2)2

condone(r)2 = (y coord of centre)2 +(x coord of centre — 2)2

32 26

Al: One correct limit, either T <rorr <T 0.e.

Al: Fully correct inequality

Alternative

B1: Using a circle with centre (3, 5) and radius 2r and y = —x+2

M1: A complete method to find the point of intersection of the line y = +x+2 and circle where the
line is a tangent to the circle.

Al: Correct point of intersection

dM1: Finds the distance between the point of intersection and the centre and uses this to find the
minimum value of r. Condone radius of r.

M1: Realises there will be an upper limit for r and uses Pythagoras theorem
(Zr)2 = (y coord of centre)2 +(x coord of centre — 2)2

W2 26

Al: One correct limit, either — <Lrorr< To.e.

Al: Fully correct inequality




Question Scheme Marks AOs

11(a) a=1,d=2 Bl | LIb
b=2 B1 1.1b
c=-1 B1 1.1b

3)
(b) 2= =]z-3i|= y=2 Bl | 22a
Area between the circles = 7x2° — 7z x1? M1 I.1a

Angle subtended at centre =

2xcos” (lj
2

Alternatively
(x+2) +(y-1) =4, y=2=x=.. | Ml | 3.la

0 Or x=+2"-1°

4 V3
Leading to Angle subtended at centre = 2xtan” [T]

1 2 1 ) 2 4
Segment area = EX§X22—EX22XSIH("?”'J{=§7T—\/§} Mi 2.1

Al 1.1b
1 2« 1 27
A fO: Tx2* —7x1?—| —=x==x2%——x2%*xsin| == .
rea of QO [2 3 > 3 M1 3.1a
Y4

(7)

(10 marks)
Notes

(a)

B1: Correct values for a and d
B1: Correct value for b

B1: Correct value for ¢

(b)
B1: Deduces that |Z —i| = |Z - 3i| is a perpendicular bisector with equation y = 2, this may be

drawn on a diagram.

M1: Selects the correct procedure to find the area of the large circle — the area of the small circle.
M1: Correct method to find the angle at the centre (or half this angle).

Recognises that the hypotenuse is the radius of the larger circle and the adjacent is the radius if
the smaller circle and using cosine

Alternatively find where the perpendicular bisector intersects the larger circle so uses their y = 2
and the equation of the larger circle in an attempt to establish the x values for the intersection
points or uses geometry and Pythagoras to identify the required length and then uses tangent.
M1: Correct method for the area of the minor segment (allow equivalent work)




Question Scheme Marks AOs
2@ | |- /(4@)2 +(-4) =8 Bl | 1.1b
arg w = arctan (i—4j = arctan (+ Lj MI 1.1b
43 G '
=--Z Al | Llb
6
So (w=)8 cos(—zjﬁsin(—zJ Al 1.1b
6 6
“)
(b) R (i) w in 4" quadrant with
Y either (4\@ —4) seen or
7r 2
aracjr(zq-]()i):§ B1 1.1b
< argw <0
4
(i1) half line with positive
x gradient emanating from M1 1.1b
imaginary axis.
The half line should pass
between O and w starting Al L1b
from a point on the
imaginary axis below w
3
(© AOAX is right angled at X so
OX =10 sin % =5 (oe) Mi 3.1a
So shortest distance is
M1 1.1
WX=0W-0X=8-5=... b
So min distance is 3 Al 1.1b
Alternative 1 A complete method to find the
coordinates of X. Finds the equation
1
of the line from Otow, Yy =——F#=X
3
and the equation of the half line MIl 3.1a
y= J3x—10 , solves to find the
o 53 s
point of intersection X|l—,—=
2 2
Finds the length WX
2 2
\/(4\5_ﬂ} +(_4__§j Ml | L1b
2 2
So min distance is 3 Al 1.1b
Alternative 2 M1 3.1a




Finds the length AW = \/(4\/5—0)2 +(—4——10)2 = {\/8_4}
Finds the angle between the horizontal and the line AW
—4--10
=tan"' =...10.7137...radians or 40.89..”
[ 43 j { }
Finds the length of WX = /84 xsin (£—0.7137) =
3 Ml | L.1b
Or =+/84 xsin (60 -40.89) =
So min distance is 3 Al 1.1b
Alternative 3
0 1
Vector equation of the half line 7 =| 10 +4 5
[ 432
~4-23-(-10)
Then either
aW3-2) (1 5
of _|=43-2+63-31=0=1=..123
L —/1\@} (ﬁ} {2 } Ml | 3.la
2
[ 10] L/— ]
2 2
Or X =(43=2) +(6-23) =48-84/3+2* +36-1244/3+34°
xw? =84 —204+/3 + 44> leading to
d(xw?
M:—zoﬁwz:o:mz...
dA
2
Finds the length WX \/{4\/5 fj (_4__%j
M1 1.1b
5 =) 5 ’
Or XWz\/LM—'?B'j +(6—’E\5'\6j
So min distance is 3 Al 1.1b
3)
(10 marks)
Notes:
(a)

B1: Correct modulus

M1: Attempts the argument. Allow for arctan[ J or equivalents using the modulus (may be in

Ve

wrong quadrant for this mark).

Al: Correct argument _E (must be in fourth quadrant but accept % or other difference of 2z for this

mark).




Al: Correct expression found for w, in the correct form, must have positive »= 8 and 4 = —%.

Note: using degrees B1 M1 A0 A0

(b)(1)&(ii)

B1: w plotted in correct quadrant with either the correct coordinate clearly seen or above the line y = —x

M1: Half line drawn starting on the imaginary axis away from O with positive gradient (need not be
labelled)

Al: Sketch on one diagram— both previous marks must have been scored and the half line should pass
between O and w starting from a point on the imaginary axis below w. (You may assume it starts at
—10i unless otherwise stated by the candidate)

Note: If candidates draw the loci on separate diagrams the maximum they can score is B1 M1 A0

(©)
M1: Formulates a correct strategy to find the shortest distance, e.g. uses right angle OX4 where X is
where the lines meet and proceeds at least as far as OX.

M1: Full method to achieve the shortest distance, e.g. for WX = OW — OX.
Al: cao shortest distance is 3
Alternative 1:

1
M1: Uses a correct method to find the equation of the line from O tow, y = —Ex and the equation

53 005
of the half line y = Bx-10 , solves to find the point of intersection X [T, - 5]

If the incorrect gradient(s) is used with no valid method seen this is M0

M1: Finds the length wx = \/[their 5\3 — 43

2 2
> + [their —%— —4] —...condone a sign slip in the

brackets.
Al: cao shortest distance is 3

Alternative 2:
M1: Uses a correct method to find the length 4 and a correct method to find the angle between the
horizontal and the line AW

M1: Finds the length of WX = their+/84 x sin (%—their 0.7137j =..

Al: cao shortest distance is 3
Alternative 3
M1: Finds the vector equation of the half line, then XW.

Then either: Sets dot product X/ and the line = 0 and solves for /1. Substitutes their/into the equation
of the half line to find the point of intersection.

Or finds the length of X and differentiates, set = 0 and solve for 1

2 2
M1: Finds the length wx = \/[their%— 43| + [their _g_ _4] —...condone a sign slip in the

brackets.
Or substitutes their value for 1 into the length of(d)

Al: cao shortest distance is 3
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Question Scheme Marks AOs
13(a) Im
M1 1.1b
Al 1.1b
U Re” M1 | 1.1b
Al 1.1b
(4)
(b)
Imj
B1ft 2.3
U )
1)

Notes

(a)
M1.: Circle drawn with centre on the real axis
Look for real axis acting as a line of symmetry of the circle.
Al: Circle in the correct position with the imaginary axis as a tangent
Centre need not be labelled for either mark.
M1: Half line starting at the origin, must be in the first quadrant. Do not award if their line
continues into the third quadrant
Al: Fully correct diagram that requires
e Accircle in the correct position
¢ A half line intersecting the circle at the origin and in the first quadrant
e The x coordinate of the intersection in the first quadrant must be to the left of the
centre of the circle

(b)
B1ft: Shades the region in their circle above the real axis and below the half line
For this mark to be awarded their line must intersect the circle.
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Q5 (a) and (b) examples

a) M1A1M1A1 b) B1

,,,,,, a) M1A1M1A1 b) BO

a) MOAOM1AO b) B1

a) M1AOM1AO b) B1
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(©)

(x—4)° +y?=16, y=/3x=x*-8x+16+3x* =16 => X =... M1 | 3.1a
X=2, y:2\/§ Al 1.1b
l7r><42—(1><42x£—1x42><sin£j
2 2 3 2 3
or
1 2r 1
x4 x4 Zx4x 243
R P AAE dM1 | 3.1a
or
1x42 oz 1x4 4><£
2 3 2 2
=—7z+4\/_ Al | 11b
(4)
Alternative 1 for part (c)
x=4cosZ, y=4sinZ M1 3.1a
- AC0sg, y=asing Al | 11b
l7z><42— 1><42><£—1><42><Sin£j
2 2 3 2 3
or
1 27 1
SxAxEZ 4 Zx4x 243
gy dM1 | 3.1a
or
1x42 oz 1><4 4x£
2 3 2 2
=—7Z'+4\/_ Al | 11b
(4)
Alternative 2 for part (c)
Deduces = means there is an equilateral triangle of length 4
3 M1 3.1a
4 and smgoe are seen or used in their workings Al 11b
l7r><42—(1><42><£—1x42><sin£j
2 2 3 2 3
e °r1 dM1 | 3.a
—><42><—7[+—><4><2 3
2 3 2 V3

or
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1><42 oz 1><4 4xﬁ
2 3 2 2
=—7z+4\/_ Al | 1.1b
(4)

Alternative 3 for part (c) Polar coordinates

(x—4)2+y2 =16, = r>=8rcosf =r =8cosd

M1 3.1a
Area = j%rz do = I%.64c0320 dezj (16 +16cos 26) d6 Al | 11b
[1649+85|n 26?]; =.. dM1 | 3.1a
:—z+4f Al | 1.1b
(4)
(9 marks)

Notes

(c)
This is not for finding their shaded area of their diagram in part (a) but is for a correct
process for finding the correct required area.

M1: Correct strategy for identifying both coordinates of the point of intersection.

Award for substituting a line of the form y = kx into the equation of a circle (x—4)2 +y° =16
then proceeds to find a value for x from a quadratic, where x # 0 and then find their y coordinate.
Al: Correct coordinates, either written separately, or as(2, 2\/§) or 2 + 243

dM1: Fully correct strategy for the area, must be consistent with a half line making an angle of

%with the real axis.

Can be found by subtracting the area of a segment from the area of a semicircle or by adding the
area of a sector to the area of a triangle.

The candidate may do combinations of semicircles, triangles and sectors so look carefully for the
method.

Al: Correct answer in the required form.

Alternative 1

M1: Deduces that since the half line makes an angle of % with the real axis, the horizontal and
vertical distances from the origin to the point of intersection are 4cos% and 4sin%.

Al: 4003% and 4sin%oe are seen or used in their workings

dM1: Fully correct strategy for the area, must be consistent with a half line making an angle of

%With the real axis.

Can be found by subtracting the area of a segment from the area of a semicircle or by adding the
area of a sector to the area of a triangle.




Edexcel - A-level Further Maths - Core Pure 2 - November 2020
Compiled By London Academy Of Maths | Created By Pearson Edexcel

Question Scheme Marks AOs
14(a) Centre of circle Cis (1, -1) Bl 1.1b
r=y(5-1)° +(-4+1)’ =5
or
r=(-3-1)"+(2+1)’ =5 M1 | 3.1la
or
r:%\/(—3—5)2+(2+4)2 -5
|z—1+i[=5 or|z—(1-i)|=5 Al | 25
3
() (x—1)° +(y+1)" =25 (x—2)°+(y—3)" =4
2 2 —
X*=2X+1+y +2y+1=25 M1 31a
X> —4Xx+4+y>—6y+9=4
= 2Xx+8y =32
(16-4y)’ —4(16—4y)+4+y? 6y +9=4
o M1 | L1b
x2—4x+4+(16_xj —6[16_XJ+9=4
4 4
17y* 118y +201=0 or 17x* -72x+16=0 Al 1.1b
17y2—118y+201=0:(17y—67)(y—3)=0:>y=%,3
or M1 1.1b
17x* - 72x+16 =0= (17x-4)(x-4)=0= x=%,4
y:ﬂ,3:>x:i,4 or x:i,4:y:g,3 M1 2.1
17 17 17 17
4+3i, i+Ei Al 2.2a
17
(6)
(9 marks)
Notes
(a)

B1: Correct coordinates of centre
MZ1: Fully correct strategy for identifying the radius. If the diameter is calculated this must be
halved to achieve this mark.

Al: Correct equation using the required notation

(b)

MZ1: Begins the process of finding z, and z, by using the Cartesian equations to obtain the

equation of the line of intersection
M1: Substitutes back into the equation of one of the circles to obtain an equation in one variable
Al: Correct 3 term quadratic
M1: Solves their 3TQ

MZ1: Substitutes to find values of the other variable to complete the process of finding z, and z,

Al: Correct complex numbers
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Question Scheme Marks | AOs
15(a) Examples:
cos120 -sinl120)(6 1 3
=...or i) —=+ 2
[sinlzo c0s120 j(zj (6+2')[ 2" 72 'J
. 2 .. (2
Or /40 (cosarctan (2)+isinarctan (%))[cos[?ﬂjﬂsm(?ﬂD ML | 31a
or
/40 (cos (arctan (2)+ %) +isin (arctan (%) + %))
or
meiarctan(%)ei(%”)
(-3-+/3) or (3J3-1)i Al | 11b
(-3-+/3)+(3v3-1)i Al | 11b
Examples:
cos240 —sin240)(6 1 3
=...or i) —=— X2
[sin240 C0s 240 j{zj (6+2'){ 2 2 ']
or
\/40(cosarctan(%)+isinarctan(%))[cos(%j+isin[%D M1 3.1a
or
40 (cos(arctan(%)+%”)+isin(arctan (§)+4T”))
or
meiarctan(%)ei(%’)
(—8++3) or (-3v3-1)i Al | 11b
(—8++3)+(-3v3-1)i Al | 1.1b
(6)
vv(:;)/ . Area ABC = BX%\/GZ 2267 + 2% sin120°
or M1 2.1
Area AOB = %\/62 +22/6% + 22 5in120°
_1 3
Area DEF = ZABC or ZAOB dM1 | 3.1a
:i@@xgzﬁ Al 1.1b

2

©)
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(b) D{s—\@’sﬁuJ

Way 2 2 2
2 2
OD:\/{3—2\/§j +(3\/§+1J _Ji0 M1 21
Area DOF = %@Jl_osinlzoo
Area DEF = 3DOF dM1 3.1a
=3x1x\/ﬁmx£:% Al | 1.1b
2 2 2
vv(:; 5 AB — \/(9+J§)2 +(3—3\/§)2 _ /120
M1 2.1
Area ABC = %\/120\/120 sin60°(=3043)
Area DEF = %ABC dM1 | 3.1a
4 2
(b) 3-J3 3/3+1 3++3 —3J/3+1
D E(-3,-1), F ,
Way 4 [ > ' o , E( ) 2 >
. _ M1 2.1
DE = {3_*/§+3J +(3‘/§+1+1] (=+30)
2 2 dM1 | 3.1a
Area DEF = %@@sin 60°
_15\3 Al | 1.1b
2
(b) 16 —3-/3 J3-3 &6
Area ABC = = — 3043 M1 2.1
Way 5 .
ay 22 3/3-1 -3/3-1 2
Area DEF = %ABC dM1 | 3.1a
1303158 AL | 116
4 2
(9 marks)
Notes
(a)

MZ1: Identifies a suitable method to rotate the given point by 120° (or equivalent) about the origin.
May see equivalent work with modulus/argument or exponential form e.g. an attempt to multiply

2r . . 2« 2z
by cos—-+isin—or e?
3 3

Al: Correct real part or correct imaginary part

Al: Completely correct complex number

M1: Identifies a suitable method to rotate the given point by 240° (or equivalent e.g. rotate their B
by 120°) about the origin
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May see equivalent work with modulus/argument or exponential form e.g. an attempt to multiply
6 + 2i by cos%nsin%{or e " or their B by cos%ﬂsin%or e

Al: Correct real part or correct imaginary part
Al: Completely correct complex number
(b)
In general, the marks in (b) should be awarded as follows:
M1: Attempts to find the area of a relevant triangle
dM1: completes the problem by multiplying by an appropriate factor to find the area of DEF
Dependent on the first method mark
Al: Correct exact area
In some cases it may not be possible to distinguish the 2 method marks. In such cases they can be
awarded together for a direct method that finds the area of DEF

Examples:
Way 1
MZ1: A correct strategy for the area of a relevant triangle such as ABC or AOB
dM1: Completes the problem by linking the area of DEF correctly with ABC or with AOB
Al: Correct value
Way 2
MZ1: A correct strategy for the area of a relevant triangle such as DOF
dM1: Completes the problem by linking the area of DEF correctly with DOF
Al: Correct value
Way 3
MZ1: A correct strategy for the area of a relevant triangle such as ABC
dM1: Completes the problem by linking the area of DEF correctly with ABC
Al: Correct value
Way 4
M1dM1: A correct strategy for the area of DEF. Finds 2 midpoints and attempts one side of DEF
and uses a correct triangle area formula. By implication this scores both M marks.
Al: Correct value
Way 5
MZ1: A correct strategy for the area of ABC using the “shoelace” method.
dM1: Completes the problem by linking the area of DEF correctly with ABC
Al: Correct value
Note the marks in (b) can be scored using inexact answers from (a) and the Al scored if an
exact area is obtained.
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16(i) W

=62
arg () - f&f'(c)“z@

=

[l

i Gy

4
L lochnise —"‘
L .tQ ng egd,\ fol{\‘(’ 5N m{»q-iCJ\ artClotfint
Cimilor r

cos(%0) —sa(}1) 5 fae matfx
tv,
o (39)  cos(E)

bl (! 55 ) vowe (m>>
61 (cos (B) oo (52))
ékﬁ CCUS( e +l$m( T:- >

Grés( 20 wsia C )

are e otver veckice$ CL‘:) N,u) Wﬂ-@les 0{
e& 'h'f\-e Mgum&«k )

()
(ii)(a) Circle centre (0, 2) and radius 2 or % with the point on the origin B1 1.1b
Fully correct
;_;' Bl 1.1b
ok
)
ii)(b T 2 x 2
() areazlff 4sind do or area:1f7T3 asing  do M1 |3.1la
27 275
Uses sin® 6 = % —%cos 260 and integrates to the form A9+ Bsin 26
x - M1 3.1a
= 2 el .
area =8fjsm 6 d0:4fw31—00320 d6 =460 —2sin 20
1 1
Uses the limits of Z and %and subtracts the correct way around
M1 1.1b

525

{5)-20(5)
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Area = %_ 342 Al | 1.1b
4)
Alternative
b)
A
w
4
&
{ 4
~ D
o
Finds either the areas 1 or 2
1 2
Areal ==x2° xSIn[ ”j{— \/5}
2 3 M1 | 1.1b
1 2
Area2 == x2?x—{=2"
2 3 3
A complete method to find area 3
Area 3 :E”X22_1X22{:,,_2} M1 3.1a
4 2
A complete method to find the required area
Shaded area = Area of semi circle—areal — area2 — area 3
= 17r><22 1 x 2% xsin 27[ - l><22><Z — 17[><22—E><22
2 2 3 2 3 4 2
=2 */5___(” ?2) M1 | 3.1a
Or
Shaded area= Area of sector —areal — area 3
= 1><4 27 1 x 22 xsin| =— 27 )| 17r><22—1><22
2 3 2 3 4 2
A B (n-2)
Area = __J§+2 Al 1.1b
(4)
(11 marks)
Notes:
(i)

M1: Finds the modulus and argument of z
Al: Correct modulus and argument of z
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M1: Uses a correct method to find to all the other 4 vertices of the pentagon. Must be doing the

equivalent of adding/ subtracting multiplies of  to the argument.

Alft: All 4 vertices following through on their modulus and argument. Does not need to be
simplified for this mark.

Al: All 4 vertices correct in the required form

(ii)(a) /
B1: Circle centre (0, 2) and radius 2 or // with the vertex on the origin.
B1: Fully correct region shaded.

(ii) (b)

M1: Writes the required area using polar coordinates
M1: Uses sin® 6 = %—%cos 260 and integrates to the form Af + Bsin 20

M1: Uses the limits of %and %and subtracts the correct way around. Must be some attempt at

1 .2 . :
area_Ef asind © df and integration.

Al: Correct exact area = % —J3+2

Alternative
M1: Finds either area 1 or area 2
M1: A complete method to find the area 3

M1: A complete method to find the required area= Area of semi circle—areal — area2 — area 3 or

= Area of sector—areal — area 3

Al: Correct exact area = % —J3+2
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