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Question
Number

Scheme Notes

Marks

1

7coshx+3sinhx=2e" +7= Substitutes at least one correct
Tye Y_e* exponential form for either of the
7[6 © j+3[e 2e ]:Zex +7

5 hyperbolic terms and achieves an
equation in exponentials and
{% e'+ie +3e" —3e " =2e"+ 7} constants alone

M1

2x 2x 2 x Multiplies through by e to obtain
= 7(e + 1) + 3(e _1) =4e” +14e any equation that would form a
{:> 502" 40 = De2* +7ex} 3TQ in ¢"if like terms were
collected

M1

662" _14e" +4=0 {3ezx 76" 40— 0} Could be. implied by a correct root
even if terms have not been
collected.

A correct three term quadratic in e”.

Al

Solves their 3TQ - usual rules. One
x X_n)\_ X _ correct root for their quadratic if no
= (3e 1)(e 2) 0=e"=.. working. Ignore labelling of the
roots even if e.g.,“x” is used.

M1

Both correct and simplified but do
not isw if there are other answers.

x=In2, 1nl Allow —ln%for In2
3

and —In 3 or In 3" for lnl

Al

Answer only is 0/5

Total 5

Note that it is possible to multiply through by e to form an equation in ¢, ¢* and
constants. Score as main scheme, e.g.,

zeerze_x+§e"—§e_"=2¢:"+7
2 2 2
ol Loyl derogiem (M1)
2 2 2 2
=2 -T7e+3=0 (Al)

(2e"‘—1)(e"‘—3)=0:>e"‘=%, 3 (M)

—=e' =2, % = x=In2, ln% (A1)




Question

Number Scheme Notes Marks
2 .
18cosh x +14sinh x =11+¢*
18(e +Ze J+14[e _Ze J:11+ h Uses the correct exponential forms M1
96" +9+ 7 -7 =11e* +e**
. ) M1: Collects terms to obtain a 3 term
15 -11e* + 2 (: O) equation MIAL
or 15¢* -11+2e™ (=0) Al:Correct equation in either of the
forms shown
(5¢* - 2)(3e* - 1)=0=e" =..
3 on2 | an7 a2 Attempt to solve their 3TQ
or (Se 2e ][Be ¢ } Depends on the second M mark dM1
or (5eX - 2)(3— e*X)
2 1
5 1 Both; In= or In0.4;In= or In0.3rec
x=In=, In= 5 3 Al
5 3 -In3 scores AO
5)

Total 5




Question

Number Scheme Marks
3.(a - - - -
() {%(ex_}_eX)}Z_{%(ex_e X)}ZZ{%(e2x+2+eZX)}_{%(62x_2+e2X)} Ml
M1: Uses the correct exponential forms for cosh and sinh and squares both brackets
obtaining 3 terms each time
At least one line of intermediate
1ol working (e.g. combines fractions with a Al
202 common denominator) with no errors seen
and concludes = 1
)
(b) ( ) " )=0 M1: Uses exponential forms and
e'—e)+TxL(e"+e )=
2 collects terms . MIAL
=>2e"+3e"-9=0 Al: Any correct form with terms
collected
! ! Solves their three term quadratic in €* as
=96 ~18¢"+5=0 s0 e'=... | - q Ml
arase =
e'=1 or 3 Both values correct Al
x=Intand In3 Both values correct (accept equivalents) | Al
©®)
Total 7
Alternatives for (b) — Special Cases
Way 2 2sinh x =9—7cosh x = 45cosh” x—126 cosh x +85 =0 MIA1
MI1: Attempt to square both sides Al: Correct quadratic in coshx
(15coshx—17)(3coshx—5)=0= coshx =1lor coshx =%
e =l 156 ~34e" +15=0, £ =3 = 3¢ ~10e" +3=0
M1: Solves at least one of their three
(Sex —3)(36" —5) =0=¢"' =3, ¢' =3 |termquadraticsine’as farase’ =....,
having used the correct exponential form
(3¢ =1)(e"=3)=0=¢"=%, €"=3 | forcoshr MIAL
e'=3and e' =3 Al: " =3 and e =1seen
; 3
x=Intand Ins T}.lese values only with In3and In$ Al
rejected
Way 3 7 coshx =9—2sinh x = 45sinh’ x +36sinhx-32=0
M1: Attempt to square both sides Al: Correct quadratic in sinhx MIA1
(15sinhx—8)(3sinhx+4)=0=>sinhx =L or sinhx=—%
=8 5" —16e" —15=0, S5 = —4 = 3¢™ +8¢" ~3=0
M1: Solves at least one of their three
(3ex - 5)(56" + 3) =0=¢" =3, e =-2| term quadratics in ¢* as faras ¢' =....,
(36" 3 1)(ex N 3) _0met =L, ¢f=o3 havmg used the correct exponential form MIAT
3 for sinhx
X __ 5 X 1 - c
e =3and e’ =5 Al: " =3 and e" ={seen
x=Ing§ and In3 These values only Al

Note: For these special cases, if they use the In form of arcosh or arsinh
from their cosh = ... or sinh = ... then only the first 2 marks are available

as they are not using exponentials.




Question

Number Scheme Notes Marks
4 2
15sech“x+7tanh x =13
15(1—tanh® x)+7tanh x =13 Uses sech?x =1—tanh? X M1
15tanh? x— 7 tanh x— 2 = 0 Correct 3 term quadratic, terms in any Al
order
MZ1: Solves their 3 term quadratic to
(5tanh x+1)(3tanh x—2) =0 obtain at least one value for tanhx
Correct answers implies method
—tanhx——1 2 AL: Both correct values Ifsolved by | M1AL
5 3 7+13
formula accept ——
30
Al: One correct exact answer
Al: Both exact answers correct
Allow equivalent answers e.g.
x:%lng, %Ins 1 q 1 \/5 92 Al, Al
Xx==In2-=In3,In—,In —,Im/§ et
2 2 3 3
(6)
Total 6
Alternative Using Exponentials
5 iy § Substitutes the correct exponential forms
15 2 47 e —e ~13 The equation may have been re-arranged M1
eX e % eX e % before substitution.
25 may have been cancelled.
6e”* —34+20e > =0 Correct 3 term quadratic in e* Al
3™ 17> +10=0
(3@2x - 2)(e2X - 5) =0 M1: Solves their 3 term quadratic to
obtain at least one value for 2
or (3e*—2e7*)(e* —5e*)=0 M1AL
2 Al: Both correct values
=e’ = 3 or s
Al: One correct answer
1 2 1 Al: Both answers correct
x=§In§, EInS Allow equivalent answers e.g. Al Al

x:lan—llnS
2 2

Solving quadratics by calculator: check their solutions if the equation is incorrect. If the solution is correct

for their equation, award M1
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Question
Number

Scheme

Notes

Marks

5
Way 1
Converts

to sinh
and cosh

4tanh x—sech x =1
4sinhx 1

cosh x B cosh X B
4sinhx—1-coshx=0

e —e™*

4

e +e7*
1— _

2

2

0

Replaces one hyperbolic function with its
correct exponential equivalent. Allow for

correct replacement of just e.g., Sinh X after

. inh x
using tanh x = >
co

May follow errors
sh x

but do not allow any further marks if the
original equation was reduced to one in a
single hyperbolic function.

M1

3 —2e*-5=0

MZ1: Obtains an equation which if terms are
collected is a 3TQ (or 2TQ with no
constant) in e*

Al: Correct 3TQ

M1 Al

eXZZi\/4+60 (3

6

6

2+8 5

3

J

M1: Solves 3TQ (or 2TQ with no constant)
in €. Apply usual rules. If no working seen
they must achieve one correct root of their
equation to 3sf which may be complex. If
2TQ must get a correct non-zero root of
their equation.
Al: Any correct unsimplified expression
for e* that includes the positive root. Must
be exact

M1 Al

Ing, Inlé, In1.6 only but allow k = ...

No unrejected extra solutions

Al

Total 6

Way 2

Straight
to e

gt —e* 2

4

ef+e* e+

=1
e

Replaces one hyperbolic function with its
correct exponential equivalent

M1

¥ —2e*-5=0

M1: Obtains an equation which if terms are
collected is a 3TQ (or 2TQ with no
constant) in e*

Al: Correct 3TQ

M1 Al

o 2+/4+60 (3

6

6

2+8 5

3

J

M1: Solves 3TQ (or 2TQ with no constant)
in . Apply usual rules. If no working seen
they must achieve one correct root of their
equation to 3sf which may be complex. If
2TQ must get a correct non-zero root of
their equation.
Al: Any correct unsimplified expression
for €* that includes the positive root. Must
be exact

M1 Al

Ing, Inlé, In1.6 only but allow k = ...

No unrejected extra solutions

Al

Total 6

In Ways 1 & 2, if they form an equation which is not a quadratic in e* they must achieve

5 .
the correct exact root of 5 to access the middle four marks
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QNL:;&,"E)Z? Scheme Notes Marks
S 4sinh x—1=cosh Squares (condone poor squaring) and uses a
Wav 3 16sinh? x —8sinh x+1 = cosh? x correct hyperbolic identity to obtain a M1
Y% | 16sinh? x—8sinh x-+1=1+sinh’ x quadratic equation in sinh x
Squaring M1: Obtains a 2TQ with no constant or
(sinh) 15sinh* x—8sinh x =0 3TQ in sinh x M1 Al
Al: Correct 2TQ
Solves 2TQ (with no constant) or 3TQ in
sinh x. Apply usual rules. If 2TQ must get a
sinh x =§ correct non-zero root of their equation. If M1
15 no working seen they must achieve one
correct root of their equation to 3sf which
may be complex.
2
X =arsinh 8 =In E+ (2] +1
15 15 15 A correct unsimplified expression for x as a
2x X _ In (or any correct unsimplified expression
or 15¢™ ~16e” ~15=0= for e* if they revert to exponentials). Must Al
o _ 16 ++/256 +900 be exact
30
5 N2 12, In1.6 only but allow k = ...
x=1In 3 3’ 3’ Al
No unrejected extra solutions
Total 6
4tanh x =1+sech x .
Way 3b ) ) Squares (condone poor squgrmg) and_uses a
16tanh” x =1+ 2sech x +sech” x correct hyperbolic identity to obtaina | M1
Squaring | 16(1-sech® x)=1+2sech x+sech’ x quadratic equation in sech x
(sech) M1: Obtains a 2TQ (with no constant) or
17sech? x+2sech x—15=0 3TQ in sech x M1 A1l
Al: Correct 3TQ
Solves 2TQ with no constant or 3TQ in
(17 sech x _15) (sechx+1)=0 sech x. Apply usual rules. If 2TQ must get a
correct non-zero root of their equation. If M1
sech x = 15 no working seen they must achieve one
17 correct root of their equation to 3sf which
may be complex.
17 17 (7Y
x=arcosh—=In| —+,[| =—= | -1 L ,
15 15 15 A correct unsimplified expression for x as a
In (or any correct unsimplified expression Al
or 15e** —34e* +15=0= for e* if they revert to exponentials). Must
o _ 34£ /1156900 be exact
30
5 2 1n12, In1.6 only but allow k = ...
x=1In § 3’ 3’ ' Al

No unrejected extra solutions

Total 6
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Question Scheme Notes Marks
Number
S 4tanh x—1=sech x Squares (condone poor squaring) and uses a
16 tanh? x —8tanh x +1 =sech? x correct hyperbolic identity to obtain a M1
Way 3c 16tanh? x —8tanh x +1 =1—tanh? x quadratic equation in tanh x
Squaring M1: Obtains a 2TQ with no constant or
(tanh) 17tanh® x—8tanh x =0 3TQ in tanh x M1 Al
Al: Correct 2TQ
Solves 2TQ with no constant or 3TQ in
tanh x. Apply usual rules. If 2TQ must get a
tanh x :i correct non-zero root of their equation. If M1
17 no working seen they must achieve one
correct root of their equation to 3sf which
may be complex.
8 1, (1+%
x = artanh ﬁ - E In 1_—1 A correct unsimplified expression for x as a
v In (or any correct unsimplified expression |
or 9% -25=0= for e* if they revert to exponentials). Must
. b5 be exact
e — —
3
N2, 12, In1.6 only but allow k =
x=1In> ng, n 3 n1.6 only but allow k = ... Al
No unrejected extra solutions
Total 6
4sinh x =1+cosh x Squares (condone poor squaring) and uses a
Way 3d 16sinh® x =1+ 2cosh x +cosh? x correct hyperbolic identity to obtain a M1
squaring 16cosh® x —16 =1+ 2 cosh x +cosh? x quadratic equation in cosh x
(cosh) M1: Obtains a 2TQ with no constant or
15cosh? x—2cosh x—17 =0 3TQ in cosh x M1 Al
Al: Correct 3TQ
Solves 2TQ (with no constant) or 3TQ in
(l5COSh X—17)(cosh x+1)=0 cosh x. Apply usual rules. If 2TQ must get a
correct non-zero root of their equation. If
17 . - M1
cosh x = —— no working seen they must achieve one
15 correct root of their equation to 3sf which
may be complex.
17 17 (17)2
x=arcosh—=In| —+,[/| —= | -1 N .
15 15 15 A correct unsimplified expression for x as a
In (or any correct unsimplified expression Al
or 15e** —34e* +15=0=> for e* if they revert to exponentials). Must
o _ 341156900 be exact
30
5 2 12, In1.6 only but allow k =
x:ln§ 3’ T3 AL

No unrejected extra solutions

Total 6




Question

Number Scheme Notes Marks
6
coth? x +5cosechx +5=0
Way 1
y cosech?x +1+ 5cosechx + 5 Uses coth®x = + cosech?x + 1 M1
cosech?x +5cosechx +6 =0 Correct quadratic Al
(cosechx +3)(cosechx+2) =0 M1: Solves their 3 term quadratic
M1A1
= cosechx=-3, -2 Al: Both correct values
Jl_O 1 \/g 1 Al: One correct answer
x=In 3 , In 2 Al: Both answers correct with no Al Al
errors.
(6)
Total 6
Way 2 coth? x+5cosechx +5=0 M1 x sinh’x and uses M1
= +14si
= cosh’ x+5sinh? x+5sinh x =0 Cosh™x = +1sinh a
— 6sinh2 x+5sinh x+1=0 Al: Correct quadratic Al
(33inhx +1)(23inhx +1):o M1: Solves their 3 term
1 1 quadratic MLAL
= sinhx = 373 Al: Both correct values
\/1_0 1 Jg 1 Al: One correct answer
x=In 3 | In 5 Al: Both answers correct | ALAL
with no errors.
Way 3 “x\?
(ex +€ X) L 9%2 o, Substitutes the correct M1
(ex _ e—x)z ¥ —p* exponential forms
3" +5e* —4e** —5e* +3=0 Correct quartic in e* Al
(3e2x + 2" _3)(e2x +eX _1) ~0 M1: Solves their 3 term
quadratic which must have
o = —2+/40 -1+5 come from their quartic. M1A1
B 6 ’ 2 Al: Both correct values
\/1_0 1 \/g 1 Al: One correct answer
x=In 3 | In BCE Al: Both answers correct | A1Al
with no errors.
Notes

If more than two solutions are found then final AQ.
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?\lﬁrﬁggp Scheme Notes Marks
7(a) 1—tanh? x = sech ?x
e _pa ) Replaces the tanh x on the lhs with a
1—tanh?x = l—[ﬁJ correct expression in terms of Bl
& +€ exponentials.
(e —(ef—e ) (@ +2+e ) (6P -2+e) ore 267 x 2e7
(" +e7)? (e*+e7)? e +e)? M1
Attempts to find common denominator and expand numerator
= 4 =sech’ x* | Obtains the rhs with no errors Alcso
X -X\2 :
e*+e™)
3)
ALT1 1—tanh? x = (1—tanh x)(1+ tanh x
( X ) Uses the difference of 2 squares on the lhs
_[4 et —g7* 1 et —e* and replaces the tanh x with a correct Bl
T e e + e* 1o~ expression in terms of exponentials.
(2" 2¢e” Attempt to find common denominators and | 1
e*+e* Jle*+e* simplify numerators.
4 2% : .
= m =sech® x Obtains the rhs with no errors. Alcso
ALT 2 ) Replaces the sech x on the rhs with a
sech” X =———— correct expression in terms of Bl
(e"+e™) exponentials.
@2+ ) (e -2+e)  (e"+e) (e —e)?
(e*+e7)? (e* +e7)° M1
Attempts to express the “4” in terms of the denominator.
X —X 2
=1- [uJ =1-tanh® x* Obtains the lhs with no errors. Alcso
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(b) 2sech? x +3tanh x = 3= 2(1—tanh? x) + 3tanh x = 3
= 2tanh? x—3tanh x+1=0 M1
Uses sech? x =1—tanh?® x and forms a 3 term quadratic in tanh x
Solves 3TQ by any valid method
2tanh x—1)(tanh x—1) =0 = tanh x =... ; .
( x-1)(tanh x 1) ~ X including calculator. M1
1 1.1
. Accept = —ZIn=
tanhx:%—>x=ln\/§ Inv/3 P 2In3, 2In3 Al
And no other answers.
@3)
ALT 4 eX _ax
2sech? x+3tanhx =3= 2 — |+3 — |=3
e +e™) e +e " M1
=843 —e)=3E@>*+2+e )= ...
Substitutes the correct exponential forms, attempts to eliminate fractions and collect terms
X —2X 1
e > =2=¢e" =§ Rearranges to reach e ™ = ... M1
1 1.1
In/3.Accept =In3, —=In=
x = In</3 N3 Accept 23 |AL

And no other answers.

Total 6




Question

Number Scheme Marks
Q8 (a) 2sinhxcoshx=2| -8 || £+
2 2
2X —-2X
=i M1
2
=sinh2x %k cso | Al @)
(b) x=0 B1
2sinh x cosh x = 6sinh? x + 7sinh x M1
2cosh x =6sinh x+7
e’+e " =3e*-3e+7 M1
2 +7e*~4=0 Al
(2ex—1)(ex+ 4):0 M1
eX :1 Al
2
x=-In2 accept In% Al @)
[°]

GCE Further Pure Mathematics FP2 (6675) January 2010 2




Question
Number

Scheme

Notes

Marks

9.

1+ 2sinh*>x—7sinhx=35

Replaces cosh2x by 1+ 2sinh® x or replaces
cosh2x with cosh?x + sinh’x and then
cosh?x with 1+ sinh? x . There must be no
incorrect identities used.

Ml

2sinh®* x—7sinhx—4=0

Correct quadratic

Al

(2sinhx+1)(sinhx—4)=0=>sinhx =

Attempt to solve 3TQ in sinhx (usual rules)

Ml

: _ 1
sinhx = - 5,4

L 79
Both (allow un-simplified e.g. T)

Al

arsinhx = 1n(x+\/x2 +1)

Use of the correct log form of arsinh

Ml

This mark may also be gained by using the exponential form of sinhx and attempting
to solve to give x in terms of In

x:ln(—%+\/§], In(4+17)

Al: One correct exact value of x. Allow
equivalent exact answers which may be
un-simplified.

Al: Both values correct and exact and no
incorrect values. Allow equivalent exact
answers which may be un-simplified.
Condone missing brackets.

Al, Al

1 5
Correct work giving X = m(_z * \/;}

In (4 V17 ) would generally lose the final mark

(7)

Total 7

Alternative:

2x —-2x X _ =X
e +e _ 7 e e _ 5
2 2

M1: Substitutes the correct exponential
definitions for cosh2x and sinhx

Al: Correct expression

MI1A1

™ — 7™ —10e* —7¢" +1=0

M1: Multiplies by e**

Al: Correct quartic in "

MI1A1

(e +e - 1)(e2x_ 8¢ —1)=0=>e"=...

=>X=..

Solves their quartic as far as e* = ... and
then converts to give x in terms of In.
There must be a recognisable attempt to
solve a quartic with at least 4 terms as
e.g. the product of two 3TQ’s in e".

Ml

A1: One correct exact value of x. Allow
equivalent exact answers which may be
un-simplified.

Al: Both values correct and exact and
no incorrect values. Allow equivalent
exact answers which may be un-
simplified. Condone missing brackets

Al, Al




Question
Number Scheme Notes Marks
10(a) v ) X x
4sinh3x+3sinhx=4(e © J +3(e © j
2 2
e —3e" +3e " —e " et —e ™"
S s i
Uses sinhx=<— _ on both sinh terms and attempts to cube the bracket
(min accepted is a linear x a quadratic bracket)
1 3x 3 x 3 —x 1 —3x x —x
=—e ' —=—e'+—e " ——e +—e"——¢
2 2 2 2 2 2
3x —3x AT*
€ € .
= =sinh 3x*
| 2)
(b) sinh 3x =19sinh x = 4sinh’ x + 3sinh x =19sinh x
= 4sinh’ x —16sinh x = 0 Ml
Uses the result from (a) and combines terms
(sinh x =0 or) sinh? x = 4 sinh” x = 4 or sinhx=(i)2 Al
0, 0) States the origin as one intersection Bl
Two correct non-zero x values(allow e.g.
ln(2+\/§)and—ln(2+\/§) ln(—2+\/§)f0r —ln(2+\/§)) Al
Two correct points (allow e.g.
(ln(2+\/§),38)and(—ln(2+\/g),—38) ln(—2+\/§)for —ln(2+\/§)) Al
(6]
Alternative for (b) using exponentials
3 _a3r 19(e" —e™
sinh3x=19sinhx =" —° ( 5 ):... Mi
Substitutes the correct exponential forms and collects terms to one side
= e’ —19¢™ +19¢** —1=0 Correct equation (or equivalent) Al
0, 0) States the origin as one intersection Bl
1
;ln (9 +445 ) Ol‘Eln (9 —45 ) Two correct non-zero x values (oe) Al
Al

1
(iln (9 + 4\/5) , 38) and (Eln (9 - 4\/5) , —38j Two correct points (oe)

Total 7




Question Scheme Marks
Number
11 (a.)(l) , (ex Le* )2 (eZX +2e xe X + e—Zx)
2cosh” x-1=2 -1= -1
4 2 M1
Substitutes the correct definition for coshx into the rhs and squares - full
expansion must be seen but allow 2 for 2e* xe™
(e2X +e’2x) Correct completion with no errors
=———+1-1=cosh2x* | coap Al
Working from left to right:
2
e”+e ™) (ef+e™) -2
cosh2x = ( ) = ( )
2 2 M1
Uses the correct definition for cosh2x on Ihs and expresses in terms of
(e +e~ )2 .
Correct completion with no errors
2cosh® x—1* seen P Al
@ . —e) (e +e)
2sinh xcosh x =2 X =...
2 2
Use both correct definitions on rhs and attempts to multiply M1
2sinh xcosh x = 1(eX —e™)(e" +e™)=..scoresMO
2
as the definitions for sinhx and coshx have not been seen
e —e™ Correct completion with no errors
g:sinh 2X* seen. P Al
Working from left to right:
e2x _e—2x ex+ e—x ex _ e—x
sinh2x = ( ) = ( )( )
2 2 M1
Uses the correct definition for sinh2x on lhs and uses the difference of 2
squares.
i rr mpletion with no error
2sinh x cosh x* S(,:eoenect completion with no errors Al

If they work from both ends then a clear link must be established as a conclusion e.g. Ihs = rhs, tick QED etc.



(b)

2cosh’? x—1-7coshx+7=0 | Use the identity for cosh2x

M1

2cosh? x—7coshx+6 :O:>(Zcosh x—3)(cosh x—2) =0=coshx=...

Solve their 3TQ in cosh x
(the usual rules for solving can be applied if necessary)

M1

cosh x = g 2 Correct answers, both needed

Al

coshx:a:x:ln(a+\/a2—l)

or

X —X X

e :gjezx—BeX+1:0

2
=e'= 412 or ¢* :_3iJ§
2 2
=x=In...

Changes at least one arcosh to In form either using the correct In form of
arcosh or by returning to the correct exponential form of cosh and solving a
quadratic in €.

(Note that returning to exponentials is more likely to give all 4 answers
below)

e +e e

=2=e*—-4e*+1=0o0r

M1

A )
In(2++3),~In(2++3)or In(2-+3)

All 4 correct, must be exact logarithms but can be any equivalent to those
shown with brackets.
Allow unsimplified if necessary and apply isw

2
e.g. allow In{§+ (Ej _1] for In£§+\/§]
2 2 2 4

Al

()

[Total 9]




Alternative for 11(b) using exponentials:

2

=e" -7e% +14e” -7 +1=0
Substitutes the correct exponential forms and forms quartic in e

2X —2X X —X
cosh2x—7coshx=—7:>e J;e —7[9 e j=—7

M1

e —7e™ +14e” ~7e* +1=0=> (™ —4e" +1)(e” —3e* +1) =0
+ +
=e" =—4_\/1_2 or ¢" :_3_J§
2 2
M1: Attempts to solve one of their quadratics in e* which has come from

their quartic in e* to obtain exact values for e*
Al: For at least 2 exact values of

M1Al

= e 4i£/1_2 or eX:3i2«/§

=x=In...
Change at least one exponential form to In form

M1

:>x=|n(4i\/l_2J and x=|n[%J
2 2

All 4 correct, must be exact logarithms but can be any equivalent to those
shown with brackets if necessary but e.g. they would not be required in the
above forms.

Al
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12 Solves the quadratic equation for cosh® x
e.g. M1 3.1a
(8 cosh® x — 9)(8 cosh® + 1) =0 = cosh®*x =..

9 1
W= {__} Al | Llb
cosh™x =g 3
3 3 3 \?
coshx ==\V2=x=In|-V2 + (—\/E) -1
4 4 4
Alternatively M1 1.1b

3 1 3
coshx =Z\/§:>§(ex +e™™) = e —E\/Eex +1=0

2
:}ex:\/iOI‘?:)x:...

In2 Al 2.2a

N =

x =+

C))

(4 marks)

Notes:

MI1: Solves the quadratic equation for cosh® xby any valid means. If by calculator accept for
reaching the positive value for cosh® x (negative may be omitted or incorrect) but do not allow for
going directly to a value for cosh x Alternatively score a correct process leading to a value for sinh
2x or its square (Alt 1) or use of correct exponential form for cosh x to form and expand to an
equation in e* and e* (Alt 2)

A1: Correct value for cosh® x (ignore negative or incorrect extra roots.). In Alt 1 score for a correct
value for sinh?2x or sinh 2x. In Alt 2 score for a correct simplified equation in e**.

M1: For a correct method to achieve at least one value for x (from cosh 2 x). In the main scheme or
Alt 1, takes positive square root (if appropriate) and uses the correct formula for arcosh x or arsinh x
to find a value for x. (No need to see negative square root rejected.) In Alt 2 it is for solving the
quadratic in e* and proceeding to find a value for x.

Alternatively uses the exponential definition for cosh x, forms and solves a quadratic for e* leading
to a value for x

A1: Deduces (both) the correct values for x and no others. Must be in the form specified.

SC Allow MOAOM1AL for cases where a calculator was used to get the value for cosh x with no
evidence if a correct method for find both values is shown.
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12 Aled 64 cosh? x(cosh2 x—l)—9 =0 = 64cosh” xsinh® x—9 =0
. . 9 M1 3.1a
= 16sinh” 2x =9 = sinh 2x=E Al 1.1b
Or (8 sinhx coshx — 3)(8sinhxcoshx +3) =0= sinh2x = i%
, 3 1 3 ,9 .
sinh2x =1.=x=7In [iz t et 1] (or use exponentials, or M1 1.1b
proceed via cosh4x)
x=i%ln2 Al | 22a
“)
12 Alt 2 e* +e\' e e’
o (T5) (Y oo o
4(e™ + 4P +6+4e > + e ) —16(e* +2+e7¥)—9=0
4e™ —17+4e ™ =0 Al 1.1b
(4e*™* —1)(1—4e™) =02 e =...2x =.. M1 1.1b
1
X = izlnz Al 2.2a

(C))
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Question
Number Scheme Notes Marks
13(a) X, a-x 0\
Scosh*x=8/ & ¢ | - i(e“ +4e> +6+4e + e"”)
2 16
. e +e " )
Applies cosh x = ——— and attempts to expand the bracket to at least 4 different and no
more than 5 different terms of the correct form but they may be “uncollected” depending on | M1
3
how they do the expansion. Allow unsimplified terms e.g. (e") e .
X —X 2 X —X 2
e +e e +e
May see 8( 5 j ( 5 j but must attempt to expand as above
1 oy o Collects appropriate terms and reaches the
4x —4x c +e .
=E(e +e )+4[Tj+3=... form cosh 4x+ pcosh2x + g orobtains | M1
values of p and g.
— cosh4x + 4 cosh 2x + 3 Correct expression or values e.g. p =4 and ¢ Al

=3

No marks are available in (a) if exponentials are not used but note that they may appear
in combination with the use of hyperbolic identities e.g.:

2

2 2x —2x
8cosh” x = 8(cosh2 x)2 = 8(%) = 2(%+ 1)

4x —4x 4x —4x 2x —2x
e +2+e _ e +e e +e
22(f+62x+62x+1j= 5 +4( j+2

2
=cosh4x+4cosh2x+3

Allow to “meet in the middle” e.g. expands as above and compares with
l(e4x+e_4x)+ ﬂ +g= = =
> D > gq=>p=...,9=..

but to score any marks the expansion must be attempted.

(©)]
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(b)
Way 1

cosh4x—17cosh2x+9=0= 8cosh® x—4cosh2x—3—-17cosh2x+9=0
:>8005h4x—2100sh2x+6=0:SCosh4x—21(200sh2x—l)+6=0

Uses their result from part (a) and cosh 2x = +2cosh” x+1
to obtain a quadratic equation in cosh’x

M1
or
cosh4x—17cosh2x+9=0= 2(2cosh2 x—l)2 —1—17(2cosh2 x—1)+9 =0
Uses cosh4x =+2cosh’2x+1 and cosh 2x =+2cosh? x+1
to obtain a quadratic equation in cosh®x
= 8cosh* x—42cosh’*x+27=0 Correct 3TQ in cosh?x Al
. 2 .
— 8cosh? x— 42 cosh® x 427 = 0 Solves 3TQ in CO.Sh x (apply usual rules if
o 3 necessary) to obtain Ml
:COShZXZE(’Zj cosh’x=k (keR and >1).May be
implied by their values — check if necessary.
9 3 3 9
cosh’x===coshx=—==x=%In| ——=+,/—-1
2 V2 V2 N2
or
3 e'+e " 3 - . .
coshx=——=——— == = 2e™ _6e"+/2=0=¢" =
V2 2 2
9 T+ 9
cosh?x=—=| ST | 2 et geX +1=0> e = > x=..,
2 2 2
Takes square root to obtain coshx =k (k > l) and applies the correct logarithmic form for
arcosh or uses the correct exponential form for cosh x to obtain at least one
value for x
The root(s) must be real to score this mark.
372 14
x=xIn| —+——
2 2
Both correct and exact including brackets.
V7 Al

Accept simplified equivalents e.g. x = [— + —J but withhold this mark if additional

NCRN
3\/_\/_J

answers are given unless they are the same e.g. allow x = +1In (— +

2
|

3)
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(b) cosh4x—17cosh2x+9=0=>2cosh’ 2x—1-17cosh2x+9=0 M
Way 2 Applies cosh 4x = +2cosh”? 2x+1 to obtain a quadratic equation in cosh 2x
2cosh’ 2x—17cosh2x+8=0 Correct 3TQ in cosh 2x Al
2cosh?2x—17cosh2x+8=0 Solves 3TQ in cosh 2x (apply usual rules if
1 necessary) to obtain M1
3005112)6:8(’5] cosh2x=k (keR and >1)
cosh2x =8 = 2x = J_rln(8+\/82 —1)
or
er + e—2x
cosh2x=8:>T=8:>e4x —16e” +1=0=¢e" =...= 2x=... Ml
Applies the correct logarithmic form for arcosh from cosh2x =k (k > 1) or uses the correct
exponential form for cosh 2x to obtain at least one value for 2x
The root(s) must be real to score this mark.
1 Both correct and exact with brackets. Accept
x== > In (8 +3J7 ) simplified equivalents e.g.
ore.g. x= %ln (8 + \/63) but withhold this mark | A1
1
x=+In (8 +3J7 )5 if additional answers are given unless they
are the same as above.
(b) 4x + —4x 17
Way 3 cosh4x—17cosh2x+9=0:>%—?( 2"+e‘2*)+9:0
= e —17e" +18e* —17e> +1=0 MIAL
M1: Applies the correct exponential forms and attempts a quartic equation in e**
Al: Correct equation
e —17e® +18e* —17¢* +1=0 Solves and proceeds to a value for e* where M
=X =8+37,... e* > 1 and real.
2 _qy _ n Takes In’s to obtain at least one value for 2x
— ¢ 8+ 3\/7 =2x=ln (8 B 3\/7) The root(s) must be real to score this mark. MI
1 Both correct and exact with brackets. Accept
X = 3 In (8 +37 ) simplified equivalents e.g.
1
ore.g. X = igln(8 + 3\/7> but withhold this mark | Al
1
x=1In (8 +3J7 )2 if additional answers are given unless they

are the same as above.

Total 8




Edexcel - International A-level Maths - Further Pure 3 - November 2021
Compiled By London Academy Of Maths | Created By Pearson Edexcel

Question Scheme Marks
14. coshy=x,y<0:>y=1n[x—\/x2—1}
y -y
coshy=x:>x=e -;e B1
= 2xe’ =e” +1 M1
. 2x4)(2x)" —4x1x1
=e?r -2xe +1=0=¢" = >
M1

or

2 2 2
e y—2xey+1=0:>(ey—x) fl-x*=0=¢" =...

=x++/x* 1 Al

So yzln[x— xz—lJ* Al*
since y<0=>¢’ <1 soneed x—+/x*—1 (as x>1 so must subtract) B1
(6)

(6 marks)

Notes:

X —-X

. : e
B1: Correct statement for x in terms of exponentials. cosh y = scores BO.

M1: Multiplies through by e’ to achieve a quadratic in €. (Terms need not be gathered.)
M1: Uses the quadratic formula or other valid method (e.g. completing the square) to solve for ¢”.

2x*+4x* —4
2

Al: Correct solution(s) for e”. Accept if only the negative one is given. Accept

Al*: Completely correct work leading to the given answer regardless of the justification why the
negative root is taken (correct or incorrect). Must be no errors seen.

B1: Suitable justification for taking the negative root given.
E.g.y<0so y= ln[x—\/x2 —1] Condone x++/x*—1<1s0 y= ln[x—\/x2 —1}.

Note that the B1 can only be awarded if all previous marks have been awarded.
But the reason may be given before or after In has been taken.

E.g. (ey —x)2 +l1-x*=0=e’ —x=+Jyx’—1buty<0so e’ —x=—/x" -1

Working backwards:

y=In x—\/xz—lJ:ey =x—vx’—=1(Bl)=¢" +e™” =x—\/x2—l+—1 (M1)
x—x* -1

2x(x—\/x2—1) e’ e

(Ml):2x(A1):>x:—

1
x—~x' =1+ =
x—+x" -1 x—x* -1

Final B1 unlikely to be available.

=cosh y(Al)




Question

Scheme/Notes Marks
Number
15(a) sinh( A+ B)=sinh Acosh B +cosh Asinh B
There is no credit for proofs that do not use exponential definitions
{sinh Acosh B +cosh Asinh B =}
eh—e” e®+e? ef+e” e®-e®
X + X or
2 2 2 2
et —e ") (e®+e®)+(e+e")(e®—-e®
eg 2 )4( J(e*—e”®) M1
Replaces two of the four hyperbolic functions with correct exponential expressions.
Condone poor bracketing. If they immediately start expanding this mark is only
implied by completely correct work (i.e., with exponential definitions correct) and
not just the fractions shown in the A1* note
pAtB _gB-A | gAB _o-AB qAIB | oB-A_oAB_-AB
B 4
Expands numerator (or numerators if 2 separate fractions). Allow for sign errors
only with coefficients and indices and must see at least four terms (but count
terms which have been crossed out by cancelling) M1
Allow this mark for:
_ et el tefe e e +ee® +e e —efe P —e e
4
Must see at least four terms as before but the last mark will not be available unless
the requirements shown below are satisfied.
A+B o -(A+B) 2(eAtB _ g (A*B) A+B _ —(A+B) A+B  ,~(A+B)
e e or ( ) or &% o l(e“*B —e’(A*B)) or &8
4 4 2 2 2 2
=sinh(A+B)*
Reaches sinh( A+ B)with no errors. Condone if the
"sinh Acosh B+ cosh Asinh B =" is missing at the start but the " =sinh( A+ B)" or
Al*

“= LHS” must be seen.
All bracketing correct where required but condone an unclosed bracket. One of the

expressions shown or similar must be seen and allow —A-B used for —(A+ B).
Allow a “meet in the middle” proof and condone a “1=1"" style approach provided it
is complete. In both these cases a minimal conclusion is required e.g., “shown” but

allow if both “LHS = ...” and “...=RHS” are seen.
Do not condone sinh and/or cosh written as sin/cos for this mark

Attempts that start with the LHS and do not revert to a “meet in the middle”
approach: Score the second M provided an eight term expanded numerator is
achieved. The first M is for two explicitly clear correct replacements of hyperbolic
expressions with two of sinh A, cosh B, cosh A and sinh B.

Condone if the sinh(A+B) = is missing at the start in these cases but the RHS or
“..=RHS” must be seen.

(©)




Question

Scheme Notes Marks
Number
15(b) Condone the use of e.g., B for « or k for R for the first three marks but allow the A
mark if recovered which may be via a correct expression which might be in (c)
10sinh x+8cosh x = Rsinh x cosh & + R cosh xsinh «
= Rsinha =8, Rcosha =10 B1
Equates coefficients to obtain the two correct equations. This mark could be implied | (M1 on
by either correct elimination, i.e., ePen)
R? =10° -8 or tanh & = £ provided incorrect equations are not seen.
A complete attempt at finding a positive value for R:
By elimination:
R?(cosh® @ —sinh? o) =10° —8 = R* =36 = R =6
Allow this mark for R = v/10? +82 = 2/41 or /164. May just see e.g., R = 2+/41
Following a positive value obtained for ¢ where a =klInp, k>0, p>1: 5t ML
In3 —-In3
a=1In9=In3= Roosh(In3)=10= R| &8 |-10=R=.. {ER=10=R=6}
2
eIn3 _e—ln3
or Rsinh(ln3)=8:R[ J=8:>R=... {4R=8=R=6}
Correct exponential definitions must be used but can be implied by correct work.
Allow if the 10 and 8 are mixed up and allow slips in solving
A complete attempt at finding a positive value for & where ¢ =klInp, k>0, p>1:
By elimination:
4
tanha:§:> a =artanh 4 :lln 1+s =... =£In9:In3
10 5) 2 (1-4 2
A correct logarithmic form must be used with a valid value for artanh (<1)
Following a positive value obtained for R:
2
sinha:i:a:arsinh 8 In i+ 8 +1| {=In3}
"6" "6" "6" "6"
10 10 10 10 Y
cosha=—=a=arcosh| — |=In| —+,[| — | =1 | {=In3 d
ll6ll (Il6llj [IIGII (ll6ll) ] { } 2n Ml
A correct logarithmic form must be used with a valid value if using arcosh (>1)
The appropriate logarithmic forms could be implied by correct values.
Allow this mark if e.g., £ is erroneously simplified but the value must be valid for
the inverse hyperbolic function.
If an exponential form is used to evaluate an inverse hyperbolic the form must be
correct and the solving of any resulting 3TQ (most likely in e”or ) must satisfy
usual rules with one root correct if no working. Note that using tanh leads to a 2TQ
which they must get one correct root for.
They must also proceedto ¢ =klInp, k>0, p>1
6sinh(x+In3) or R=6and a=In3 (or p=3)
Correct expression but allow values for R and « (or p).
If all the values are not seen in (b) then allow if they are seen in (c) and they could Al

be seen embedded in a correct expression.
A0 for additional solutions e.g., 6sinh(x+In3)




Marks

Question Scheme/Notes
Number
15(c) There is no credit for attempts that do not use part (b) so e.g., do not award marks
for attempts that apply exponential definitions to 10sinh x +8cosh x =18+/7 but note

that it is acceptable to use exponential definitions with 6sinh(x+In3) =18/7.
Allow work with “made up” values for R and p providedR >0, peZ, p>1

6sinh(x+1In3) ~18J7
= X= arsinh(Bﬁ)— In3

:>x=ln(3\/7+ (3ﬁ)2+1j—|n3

Obtains x = arsinh (mgﬁJi In"3" or x+In"3"=arsinh (%Jfrom "6"sinh(x+In"3") =187

and uses the correct logarithmic form to obtain an expression for, or equation in x in

“In”s only but condone loss of the —In “3” or +In*“3” after it has been seen.

If the —In “3” or +In“3” is immediately incorporated to make a single logarithm the

subtraction/addition law must be applied correctly.
Work must be exact and not in decimals.

g€ _gC
= 3ﬁ , the exponential definition

If e.g.,C=arsinh (3ﬁ) is found using

must be correct and they must solve a 3TQ in e satisfying usual rules (or one root
correct if no working) and proceed to a valid C =... (e.g., not In(negative)). This

also applies to attempts via
x+In3 _ -x-In3
R e {j 3eX—le* =67 = 9e? —18\7e* ~1=0= x = |n[8+3‘ﬁj}

Note that ¢2*" _g./7e*" _1-0= """ =8+3/7 = x=1In (8+§‘ﬁj is also possible

6

and in such cases the x + In “3” must be handled correctly

M1

3

RSN

Correct answer in correct form. Accept e.g., In (2% +7 ) . Must be fully bracketed

Al

correctly. Accept =2 if In(ﬁ+q) is seen. No additional answers.

2)
Total 9
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Question Scheme Marks AOs
16(a) sinhy e’—e” M1 2.1
=tanh™(X)=tanhy=x=x= =
y (x) y coshy e’+e”’ Al | 11b
Note that some candidates only have one variable and reach e.g.
x=S"°_ortanhx="""_
e*+e e’ +e
Allow this to score M1A1
x(e? +1)=e? —1=>e” (1-x) =1+x=e” =1+—X M1 | 1.1b
—X
1+x 1+Xx 1+X
2y T2 oy =| by *
e 1 x y n(l_xjjy > n(l Xj Al 2.1
Note that e* (x—1)+ x+1=0can be solved as a quadratic in e’
_0-4(x=1)(x+1) _—J4(1-x)(x+1) _2y(1-x)(x+1)
e =
2(x-1) 2(x-1) 2(1-x)
1
oY 1 )
(1-x) 2 (1-x)
Score M1 for an attempt at the quadratic formula to make e’ the subject
(condone + v...) and A1* for a correct solution that rejects the positive
root at some point and deals with the (x — 1) bracket correctly
k=1or -1<x<1 Bl 1.1b
()
(@) i )
Way 2 tanh x = Sin[ 22X = x = tanh | 210 X )| 2821 M1 .
2 \1-x 2 (1-x =X Al 1.1b
e 1 +1
Inh—x ]'—l_ix_
1-x 1
==X M1 | 1.1b
R Al | 21
Hence true, QED, tick etc.
(0) 2x=tanh(|n \/2—3x):>tanh*1(2x)=ln J2-3x M1 3.1a
1, (1+2x) 1 1+2x
=In ==In(2-3x)= =2-3X M1 2.1
2 (1—2xj 2 ( ) 1-2
6x* —9x+1=0 Al 1.1b
6X° —9X+1=0=x=... M1 1.1b
_9-V57 Al | 32a
12

()
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Alternative for first 2 marks of (b)

eZIHM _1
:ﬁ: M1 21
2-3x+1
(10 marks)
Notes

(@)

If you come across any attempts to use calculus to prove the result — send to review
MZ1: Begins the proof by expressing tanh in terms of exponentials and forms an equation in
exponentials.

(eV—e7)/2 v _gv 1

(ey +e‘y)/2 TeYyeY e 41

Allow any variables to be used but the final answer must be in terms of x. Allow alternative
notation for tanh™x e.g. artanh, arctanh.

Al: Correct expression for “x” in terms of exponentials

M1: Full method to make e2”” the subject of the formula. This must be correct algebra so allow
sign errors only.

Al*: Completes the proof by using logs correctly and reaches the printed answer with no errors.

Xx+1) 1, x+1 1, [x+1 1+X
Allow e.g. —In , —In——=, =In
2 \1-x) 2 1-x" 2 |1-x

but allow if the proof concludes that y = % InGjL—;(j with y defined as tanh™ x earlier.

The exponential form can be any of

.Need to see tanh ™ x = > In( j as a conclusion

1-x

B1: Correct value for k or writes -1 <x <1

Way 2

M1: Starts with result, takes tanh of both sides and expresses in terms of exponentials
Al: Correct expression

M1: Eliminates exponentials and logs and simplifies

Al: Correct result (i.e. x = X) with conclusion

B1: Correct value for k or writes -1 <x <1

(b)

M1: Adopts a correct strategy by taking tanh™ of both sides

M1: Makes the link with part (a) by replacing artanh(2x) with = In G+ ixj and demonstrates the
X

use of the power law of logs to obtain an equation with logs removed correctly.
Al: Obtains the correct 3TQ
MZ1: Solves their 3TQ using a correct method (see General Guidance — if no working is shown
(calculator) and the roots are correct for their quadratic, allow M1)
9+57

12

Al: Correct value with the other solution rejected (accept rejection by omission) so X =

scores AO unless the positive root is rejected
Alternative for first 2 marks of (b)
M1: Adopts a correct strategy by expressing tanh in terms of exponentials
M1: Demonstrates the use of the power law of logs to obtain an equation with logs removed
correctly




Question

Number Scheme Marks
17. @)
A -A B -B A -A B -B
cosh Acosh B —sinh Asinh B =| & ¢ I € ¢ M1
2 2 2 2
_ %(ems Lo AB oA B g AB _gAB | o-AtB | oA _ e—A—B)
1 A-B —-(A-B)

=5 (e 2en) % —cosh(A-B) *  cso | MLAL (3)

(b) cosh xcosh1—sinh xsinh1 = sinh x M1

coshxcoshl=sinh x(1+sinhl) = tanhx= &_hl M1

1+sinhl
e+et
e+e e’ +1
tanh x = 2 = = cso | M1A1 (4
lJre—e’l 2+e—-e' e’ +2e-1 @)
2
[7]
Alternative for (b)
ette " erg M1
2 2
2
Leading to e =& F° M1
e-1
X —X 2x 2 2

tanhx =&~ _¢€ 1 e"+e-(e-1) e +1 cso | M1AL (4)

e*+e* e +1 e’+e+(e—1) e2+2e-1




	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 23.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 17.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 14.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 18.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JAN 23.pdf
	Pages from Edexcel - A-level Further Maths - FP3 - JUN 19.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 21.pdf
	Pages from Edexcel · A-level Further Maths · Further Pure 2 · January 2010.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 15.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · NOV 20.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 19.pdf
	Pages from Edexcel - A-Level Further Maths - CP1 - JUN 22.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JAN 22.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · NOV 21.pdf
	Pages from Edexcel · International A-level Further Maths · Further Pure 3 · JUN 24.pdf
	Pages from Edexcel - A-Level Further Maths - CP2 - JUN 19.pdf
	Pages from Edexcel · A-level Further Maths · Further Pure 2 · June 2007.pdf



