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1. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(i) Show that

4 3
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x pπ
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		 where p is a rational number to be determined.

(3)

(ii) Determine the exact value of k for which
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k πx
x

�
��

(4)
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Question 1 continued
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2. y

C

A

C

R

O x

Figure 1

The curve C, with equation y = cosh 3x – 4x, has a minimum point A, as shown in Figure 1.

(a) Use calculus to find the x-coordinate of A. Give your answer in terms of a natural
logarithm.

(5)

 The region R, shown shaded in Figure 1, is bounded by C, the x-axis, the y-axis and the 
line through A parallel to the y-axis.

(b) Show that the area of R is 2
9
⎡
⎣2 – (ln 3)2⎤

⎦ .
(6)
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Question 2 continued
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3. Evaluate                          dx, giving your answer as an exact logarithm.

(5)
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Question 3 continued 
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(i) ∫ d

(3)

	 (ii)	
1

63 4 4
2+ −∫ x x

xd
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Question 4 continued 
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5. (a) Determine

1

9 162x
x

�
�
�
� d

(2)

(b) Hence determine the exact value of

1

9 162
2

2

x
x

��

�
�
� d

Give your answer in the form a b cln( ),+ 13  where a, b and c are 
rational numbers.

(3)
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Question 5 continued 
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6. Determine

(i) 1

3 12 24
2x x

x
+ +∫ d

(4)

	 (ii)	 1

27 6
2− −∫ x x

xd

(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

Edexcel · International A-level Maths · Further Pure 3 · November 2020 
Compiled By London Academy Of Maths | Created By Pearson Edexcel ***



Turn over   

13

Leave 
blank

Question 6 continued 
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7. (a) Express as partial fractions

2 3 6

1 4

2

2

x x
x x

+ +
+( ) +( )

(3)

(b) Hence, show that

( )( ) ( )
2 2

2
0

2 3 6
d ln 2

1 4

x x x a bπ
x x

+ + = +
+ +∫

		  where a and b are constants to be determined.
(4)
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Question 7 continued 
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8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(i) Determine

∫ 1

5 4
2+ −∫ x x

xd

(3)

(ii) Use the substitution  x = 3 sec θ  to determine the exact value of

18

9
2

3

2

2 3

6

( )x
x

−∫ d

Give your answer in the form  A + B 3   where A and B are constants to be found.
(6)
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Question 8 continued 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________ 

___________________________________________________________________________



*P75717A01432*

D
O

 N
O

T W
RITE IN

 TH
IS A

REA
 

		D
O

 N
O

T W
RITE IN

 TH
IS A

REA
						

D
O

 N
O

T W
RITE IN

 TH
IS A

REA D
O

 N
O

T
W

RI
TE

 IN
TH

IS
 A

RE
A

D
O

 N
O

T
W

RI
TE

 IN
TH

IS
 A

RE
A

D
O

 N
O

T
W

RI
TE

 IN
TH

IS
 A

RE
A

18

  

		  4x2 + 4x + 17 ≡ (2x + p)2 + q

	 where p and q are integers.

(a) Determine the value of p and the value of q
(2)

Given that

8 5

4 4 17

1

4 4 17 4 4 17
2 2 2

x
x x x x

Ax B
x x

�

� �
�

� �
�

�

� �

	 where A and B are integers,

(b) write down the value of A and the value of B
(1)

(c) Hence use algebraic integration to show that

8 5

4 4 17

1

221

3

1 x
x x

x k k�

� �
� �� d ln

		 where k is a rational number to be determined.
(5)
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Question 9 continued 
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10. 

y = arccos (2 x )

(a) Determine
d
d
y
x

(3)

(b) Show that

y∫ dx = x arccos (2 x ) + x
x1 4−∫  dx

(2)

(c) Use the substitution   x  = 
1

2
cos θ  to show that

x
x1 4

0

1

8

−∫ dx = 
1

4
cos2

a

b

∫ θ dθ

		  where a and b are limits to be determined.
(4)

(d) Hence, determine the exact value of

0

1

8∫ arccos (2 x ) dx

(4)
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Question 10 continued 
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11. (a) Using the substitution ax
u

= , or otherwise, find

1 dx
x √(a2 − x2)∫

(6)

(b) Hence find
4

3

1 dx
x √(25 − x2)∫

giving your answer in the form lna b , where a and b are rational numbers.
(5)
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Question 11 continued 
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. (a)	 Differentiate  x arcosh 5x  with respect to x
(2)

(b) Hence, or otherwise, show that

arcosh d5
3

20

2 2

5
2

1

41

4

3

5

x x p q r
k

� � � �� � �� ln ln

		 where p, q, r and k are rational numbers to be determined.
(8)
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Question 12 continued 
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13. Using calculus, find the exact values of

(i)	 1

4 52
1

2

x x
x

− +∫ d

(3)

(ii)	 x
x

x
2

2
3

3
3−∫ d

(5)
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Question 13 continued 
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14. (a) Use a hyperbolic substitution and calculus to show that

x

x
x x x x k

2

2

2

1

1

2
1

−
= − +



 +∫ d arcosh

		  where k is an arbitrary constant.
(6)

y

O x = 3

R

C

x

Figure 1

Figure 1 shows a sketch of part of the curve C with equation

y = 
4

15
x arcosh x         x  1

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x‑axis 
and the line with equation x = 3

(b) Using algebraic integration and the result from part (a), show that the area of R is given by

1

15
17 3 2 2 6 2ln +( ) −





(5)
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Question 14 continued 
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15. Show that

(7)
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3 + x
dx = 31n

2 +    3 
+ 3   3 – 4.

(x2 – 9) 3   5
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Question 15 continued 
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16.

Figure 1

Figure 1 shows the curve C with equation

The shaded region R is bounded by C, the x-axis and the line x = 2.

(a) Find                                     .
(5)

(b) Hence show that, to 2 significant figures, the area of R is 0.34
(2)
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y

xO 2

C

R

cosh arctan(sinh )x x x∫ dcosh x arctan (sinh x) dx .

y = 1

10
cosh x arctan (sinh x) ,               x     0.
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Question 16 continued 
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17. Using the substitution  x = 4 cosh θ  show that

1

16
162

3

2

2

x
x ax

x
c

−( )
=

−
+∫ d           | x | > 4

where a is a constant to be determined and c is an arbitrary constant.
(6)
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Question 17 continued 
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18.

Figure 1

Figure 1 shows part of the curve C with equation

(a) Find the gradient of C at the point where x = 4.
(3)

 The region R, shown shaded in Figure 1, is bounded by C, the x-axis and the line x = 4.

(b) Using the substitution x = sinh2 θ, or otherwise, show that the area of R is

      where k is a constant to be found.
(10)
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O

C

4 x

R

k1 5n 2+ 5 − ,

y x x= arsinh ,
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Question 18 continued 
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