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2. Find
(@) | (2x+3)?dx
(2)
" Sx
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® J 4x? +1
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2x> —5x+8
3. glx) =
x—=2
(a) Write g(x) in the form
Ax + B + ¢
x —

where A4, B and C are integers to be found.

3)
(b) Hence use algebraic integration to show that
8
J‘ g(x)dx =a + fIn3
4
where a and S are integers to be found.
“4)

oD 2742— Sx+g = CA-DQ+&>C>Q~23 + C

x = : é = C
x=0: g = -28+C => g =-2R4§ => R--I
= I S= (A1) +C => S=—h+|+6 => A=2

S
= [a&— = +Q (oc—l\]
4
= (32-— g %'GLV\(C)) - (42— 4 +6C.4(2\>

=g +6a(6) -1z —6WU(2)

44 +6tn (3)
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4. Given that

4x> +2x> +3x +8 Cx+D
> =Ax+ B +—;
x +4 x +4

(a) (1) find the values of the constants 4, B and C

(ii) show that D=0

“4)
(b) Hence, using algebraic integration, find
4 3 2
J' 4%’ +2x° +3x +8
> dx
x +4
giving your answer in the form p + ¢ In2, where p and ¢ are integers.
(3)

0) Ay’ 24tk g = @x+g_)<x2+4) + (xt D

clue to X +4 p T will ComPare Coe(f-‘}f.‘c"e'\(s as I ca~'t Sub Oﬂn%('\i‘tf‘j‘ﬂ
v oahe fuubt cancel ouk.

= A4 Rx + @—A-+C>>c + 4R 4+ ©

[ =4AsC  => 3= [+ == (=-R
(n]: =4R+0 > g =B88+0 ==0=0
4
\ c
D %ZZ ot
=X

4 Cuess 1 (a (x 244 )
= [29@2 t 20¢ — E LA(?CZ{—#BJ Crech - 2o~
2 ] X344
= Cz (47t 204)= 12 (4 (4%49 -*( 2 +2-4 e

= 40 -2 w(eed - 4+ 3 als)
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5. Given that a is a positive constant and

2a
J' #dr —In7

a

show that a = Ink, where £ is a constant to be found.

C))

/20\ Ei—_f t:/‘“&"’bé dt

) = )

N
Y O “

o aeta(2) = (%)

-~

/! ﬂ
ola=ta (2 = k=3

(Total for Question 4 is 4 marks)
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6. (1) Find, by algebraic integration, the exact value of
4
J’L dx
2 (2x = 3)°
C)
(i1) Find, in simplest form,
jx(x2+3)7dx
(2)
4 =2
D[ 8 dx Guess . (2x-2) " x-)
JZ <2x ’5) =3
‘ Crech - —4 (2x—3) ~ x-2
r 5 ‘
QL —2) 1 o
o j O\ ¢X~S/ AXx
2
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— o l
/ /291—3)2 ly)
— — - £
_2// f l' \)
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L 2< /
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. (a) Given that
xeR x#-2

2 —
X +8x 3EAx+B+
x+2

x+2

find the values of the constants 4, B and C
3)

(b) Hence, using algebraic integration, find the exact value of

6 , 3
J‘x+8x 3dx
x+2

0

giving your answer in the form a + bIn2 where a and b are integers to be found.
“4)

a') o FEBxn -2 = CA—)C+@7C9¢+2> + C

=2 —ts=C
v =0 2= 2@ +C =2 —3=28-(5 =2 R=}
o by compiatng  doefpictents.
6 2 2
b)f ﬁjiy,dxfjx+6-i§cﬂ
X+ 2 =

—_—

© £
— _l_gcze\—gx-——(gb\lDC'(-Z(j
2 S

[

é Céf +{(6)— 1< (n (6 H))f (—zg u@))

S4 —1cta(s) +tSL(2)

= St + 1S ()

-—

S4 + (S LA(ZNQJ

\

= |S 4 — 20 \n(2)
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8. (i) Find
J((3x +5) + eS")dx
3
(i1) Given that b is a constant greater than 2, and
b
J 2x dx=ln(x/g)
, X +5
use integration to find the value of b.
(6))
9 (épu <)q ye ¥ 3 oloc Gusss: (2x4S) f“ff
)L Chectt = 30(2x+S) <34
— L (ax<g) + 4 e+
S0 P
DN G N 7, ress: [a )x2¢S] o
) SN Chewn = 2% |
‘ ) L xZ+S 2
I 2 = é\ L n (C;)
q
( 2
(n(h2#s) = (a(9) = (6)
(n(b"+S)= L (6D
L+ <= <4
b = 49
b=+ b>2 <o |b=F
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9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

¢ 22X —4x 15
)= x*+3x+4
(a) Show that
C(2x +3)
f(x)=Ax+ B+
x*+3x+4

where 4, B and C are integers to be found.

C))

(b) Hence, find

J. f(x)dx

giving your answer in the form p + Ing, where p and ¢ are integers.

)
) 2xPdx-S = @JC+%>(_5C?+23C+4> ¢ C(r=t3)
= Poc’ 4 @+3A)x2+ (44 +3{$+2c§x & 4R+3
&) ke
fscqu O = RB42k =2 0O = R+6 => R=—6

[”‘j\' —(Sz 4R+ => —(C= 4 &3¢ =7 (=%

\97 g 2x -6 4 _gC'zx-(—Z) chxc Guess @ (a {:c?+3x+4)x
2 2T+ 3 +4

S
= [ x,"—@x-l— ZCA/xze(—zer”]
3

Cvecin:  2oc 43 x 3
243+ 4

'

<£7—_ C(S7+ 3(a (§q+§(s)-1—4>>-—<3?_€(§3 +2 [ (,3'2_{_%(%)44
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10. (i) Find, using algebraic integration, the exact value of
)
I 2 dx
;3 3x-—1
giving your answer in simplest form.
(C))
- 2x3 = 7x* +8x +1
(i1) h(x) = 3 x>1
(x=1)
Given h(x) =4x + B+ 7 where A4, B and C are constants to be found, find
Jh(x) dx
(6)
) 42
l) ’?_’ dx = _2_ [ ]39‘1‘\\
= é((n (12¢) — La(@)
3
(S g
= S
(4 (%)
2
W) 2 —Fxtegx sl = @DC-% %) (x-\) + C
=2 = { ; 4/ = C
£ =0 | = R +C =>1=2R4+4¢ => B=23
A=D b3 COmMm Pu«tf\j co%tc&qkf OJ )Cg
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Question 10 continued
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11. (i) Find

giving your answer in simplest form.

2)
(i) (a) Write in the form
A+ where 4 and B are constants to be found
x+2
(b) Hence find, using algebraic integration, the exact value of
Cax+3
J‘ x+3
L Xt 2
giving your answer in simplest form.
(6)
] -~z -
) (2 (22c—) ot Guess:  (2=-1) «C
7 b __2
J Checn:  _p(2x-1) x—6
= |-C (2x=t) +c
_ -6
2x—|(
‘ﬁ) K) doc+2 = HK Lst+2\ + R
Z_;(z N /S = &
=0 " 2= op +£ 2=2A-S T2 h=4
-S 4 - S
s
b’7 { h)cf_t_z doc = + - = Ax
J.— Q )C+2 -3 xt2

= /4,< — 5 (a)xs2)
L

d—g
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12. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Given that £ is a positive constant,

(a) find

2)
Given also that
5
J. 29x dx = In8
2 3x +
(b) find the value of £
4)
2
/ 9 oo Guet St [ (32(_2-(- F() <3
2%t h Cnech = € 2?_
2x%+ kK

2 A l2xtt R +C
2

) }.[ngwl)s D)
2 2

z ((m(?SHQ —UL[(Z—HA) = (n(8)

2
2 Fsth N _
-E LVl( T'Z"F;L > .,(V\(83

n(752) = (%

TSk _ 4 o FSHh= 48+ 4k

-—

1L+ 2F =3 h
r = 9
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d . .. o
13. (i) Find aln(sm2 3x) writing your answer in simplest form.

(2)

(i) (a) Find i(3x2 —4)

dx
(2)
(b) Hence show that
2 5
I x(3x* —4) dv = R
where R is an integer to be found.
(Solutions relying on calculator technology are not acceptable.)
3)
t) _é_ Cgfﬂq(gx)> i 2 Siq (21'_> ~ 2C05<27C>
dx
= C sia (gx) CoSng') [35 Chaia le.
Gi ( 1 ( SI‘/\Z(%xD - é S¢q (2.9() codS ng)
dI' S c‘r\2 ( %.;c)

= Ceog(3x)  _ |{cot (2x)
StaC2s¢")

s
= 3o (sz-‘ﬂ

z
b) j )6(376 '4> d= = 22/2@1(3)c1-4’)5 GFS

T [(ZK -4) j iy b

(@(@ Y4 «( o ) ,( t03,) =|=112

MR A O omm
p 7 2 8 7 0 A 0O 6 3 2
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

x)

Lk

cos2x  sin2x nm
: + = cosecx X+ new
sinx  cosx 2
3)
T
(b) Hence solve, for 0 < 6 < B
cos20 sin20\
: + =6cotd—4
sind cos®
giving your answers to 3 significant figures as appropriate.
)
(c) Using the result from part (a), or otherwise, find the exact value of
5 :
J (CO'SZX N szx)cotxdx

\ sinx  cosx

6
(2)

cos (2x) stal22)  —  cos(@x) | 2siu(x)cos(x)
—_— _— - _— —
S 2 ) coe(>) Sin(=x) coS(x)

= cos(ex) + 2¢gtqlx)
Sialx’)

_ cos(ax) + 2siq(x)

S (x)

= | — 2cimn?(x) +ZS‘mZ<x>

Cla <9c3

f

_— = QQSQC(IX
S¢a (o]

1

p 7 2 8 7 0 A0 2 6 3 2
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Question 14 continued
Z,
b) Soupme &S coselle) = beot® -4 0494'79
cot’o+ 1 = 6cot-6 -4 cot'o+d=coec’d
(ot'™ — beot® +$=0
(cot @ —)(cote—1) =0
oG =S or (tote =4
%q-«@':"f Oc {o\ae =9
= 6=0.197 to 354 oc @:—%
,\ﬂ[, [ — /]n/l
a a
C — —C¢oSec Xﬁ wouﬂc+
boeh(
ny, 7
_ — ‘ 6
= "Z s
2z
= 22—\
Comelsmes You Mfgl«{’ need to USe tue dfu,ng‘ul—mHon
Cec oA O{ tre Qﬁ\oc./w%ko\ boo(rl(d‘ (7£ur O \‘CL{‘Q&IEL\
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15. (a) Show that

sin3x = 3sinx — 4sin’x

(C))

(b) Hence find, using algebraic integration,

™
3 .

sin®x dx
0

gl/l (g;c) = Sia (Qx)(o&‘(l’)

€)
@) + cos(2) gra (x)

= 2¢a Cx)QoSCDC>co§(pc) + ( | - 2¢ MQ@:) Sn (9c>

-—

2 $¢a (X)CD&(Z,B + St (z)— ng\g(:t)
= 23r4<9c3<(-—g,‘(,?<9c3> 4 Sia (93) ’?S‘Fe\g(x)
= 251a(x) = 2812 () 4 Sia () — 20 (=)

= 2sia(=x) — 4’33(\% (XB

ﬂrs ﬂg
0) ( Sia~ o) d= :f 3 i ;g,qu dx =)
O 0
L
= gliax —Stadx= edse
4
(o)
- ‘ { r’é
- ‘:’, —2coS X +—§CO.52=C
(&)

= Alp <<, 3COSCF?§3+§ cOg(ﬂ)> — (—z cos(o)t §\('Q3§CQ))

= D)= 5 (875
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16. (a) Using the identity for cos(4 + B), prove that

cos24=2cos’Ad — 1
(2)

(b) Hence, using algebraic integration, find the exact value of

§
j (5 —4cos’3x)dx

12

@
a) cos(ak) =cos(k)cog(A) = Sia(A)siq ()
=cosi(A) —siad(m)
= cos’(A) — (1 -cos’ (4))
= 2coS?(K) — I
0
2 ] e i~ ekt
T Pcos(lx)+2 = 4cos(pe)

W/s
— f C — ?QQSCCX') —2 ADC
ﬁ/{L
\'I/G
= 3’2&03(C>¢> chac
ﬂ//')_

1 |
C;p )
=8

[
Wi— ‘
~im
N 7

' =
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17. Find

o 3x-2 5

M J3x? —4x+5 g
@) z

-

o er 5

i ——dx x#0 =

(11) i (62x _1)3 H

() =

-

, ‘ =

v

i) ( ix -2 ohys Gwess t (n ’ZPC? ~4)¢+§] < >
,VJ 2ac?—4>c +C Chech t Coe—4 5 L
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18. (i) Find, in simplest form,

J(Zx —5) dx
(2)
(i) Show, by algebraic integration, that
-[3 ﬂdx =Ina
o 1+ 2cosx
where a is a rational constant to be found.
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/ J (ex—>) “

Checn IC(’yw—gf "z';

&
:_\ sz—g) + C

Guess @ (4 [1+2cos(d)| x-2

l‘\) J/ k £Sta (9C\ ol xc

b 9cw S(x) . S o
[¢) [t O =201 LI’\CU/I.' s/ X- 2
L+ 2cos(x)
r* ’_1”,/§
= —ZK | |+ 2coel)|
o}

— // ' )

>

x

~Ny—
~—"
.
'
—
4
N2
X
\‘-’

\I

c\
S
Wi

~—_"

0
P
1

\_/1
~
-
1
—
S

1
L
?
wWiN
™~
-
A
I
-.P

R0 T 0 o
P 6 93 1 1 A 0 6 3 2

)

A I
R
e ESe e

9 :.
MV SIE
IR




Edexcel - International A-level Maths - Pure 3 - January 2023 ek

(lliBLi\l ()tMtl\(tlBP n Edexcel

4 3 2 _
1o. f()C):2x +15x° +35x* +21x -4 YeR x>-3

(x + 3)2

(a) Find the values of the constants 4, B, C and D such that

f(x):Ax2+Bx+C+

(x + 3)2 (4)

(b) Hence find,

If(x)dx
5 Caed Y 3)

0) 2t 4152 4 38x" 1 0be —4 = (o02) (4B s() +D

2t i 152435 420 4 = Axt o fh+ )x +§erinsd) 2’
-+ @C +3R)oc + D+IC

*J: 2= A

[IZ" 20=6C+9R => 2( = GCL+2¥ == C =<l

[‘hg; -4=0D+9C = —4 =0-9 — D=

) Yde = [ 200 4+ 2¢ =t 4+ S 4,
j"wc K @ug)" e

-2
N LT +f:<x+z> 2

- —2- £ 32 x-x 'SCDC'('—%) + <
Guess ¢ (2c+3) 3’
=t — 2 3 2 2
Checi: — DC'P'S) = S>x + 2x"-x — & C
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20. (i) Find
13
J- ! dx
s 2x=1)
writing your answer in its simplest form.
“)
(i) Use integration to find the exact value of
i
J-Z sin2x + sec lxtanlx dx
0 3 3 @
12, 12
E) [ L dx = . f'v‘l!??s""!)
Jc' 2 2 L S
g
=2 /Ln [2¢) — (-«(4))
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21. Giventhatk € Z*

3k
(a) show thatj dx is independent of £,
k (3x—k) (4)
2k
(b) show that I (2x—k)2dx is inversely proportional to k.
¢ B 3)
2n ~2h
) [ 2 dx o= Z|talzx-t) ]
J ; 3x—h 3L JK
/ N \
= 2 fin( 3Chre) — la(3Gd-1) )
32~ ’ /
=2 (. (30 —(ﬂ[zn))
2, U
=2 (n (43
2
n =2 . ( B - —(
) | ) C?x-h) > Guess 1 (2z-h) =
h Chech e —3 (25c—h) Xt
72k
= — /Z?C—'k\
J n
= -1 —4(_
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— L e 2z < A
n 3h 2h K
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22. Given that
A3 +2x*+17x+8=(Ax+B)(x* +4)+ Cx+ D

(a) find the values of the constants 4, B, C and D.

(b) Hence find

j44x3+2x2+17x+8

dx
| x*+4

giving your answer in the form p + In g, where p and ¢ are integers.

o)  FxP12xF4 (Fx k8= A+ 'foi—@%”@xwr—
ol): 4 =4

[x*]: 2= @&

el 17= 4kt => (=t =>C=!

Cl/('}: 2 =48 +0 => 2= 840 =2 0P=0

h) 4 5c 2+ 2P+ Fct B @x—F 2)(75254—) + X

(C))

(6

4R+0

x =4 2+ 4
= 4}('{'2 __ﬁ_
24
4 C_
[ X4 Cuess : (ale?¢4| *37
\ 4 Che et - ‘_2:(_ X—|
:[22&2-{—'2:c '\—_iL/\('X_Z'I“t’(’] 244 2
(

= /2 (4 +2(4) + 5 (o (4’+4)>—(2(;7Z+1(|> +—'L (n€’+4)>

= 40 +5 W (W)~ 4 —5l(3) = 3¢+ 4 ) =Re+ ()
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23. Find, in simplest form,

.[(2 cosx — sin x)2 dx
(5)

[ 4(1-sa¥z)~ 2sa(ox) ton’(x) dx

= 4 —2em(2x) - 2¢ia () dx cos(2x) = = 25ia ()

\*(OSCZXL) = ‘;.‘ﬂz(’u’.‘

7
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— g /o)
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24, (a) Using the formula for sin(4 + B) and the relevant double angle formulae, find an
identity for sin3x, giving your answer in the form

sin(3x) = Psinx + Qsin’x
where P and Q are constants to be determined.
(C))
(b) Hence, showing each step of your working, evaluate

T
2.
j sin3xcosx dx
T
6

(Solutions based entirely on graphical or numerical methods are not acceptable.)

“4)
0) g (32) = Sta(2xind)
= Sial2x) cos(x) + cos(2x) Stalx)
= 28m(x)eae® () + Q* 2srq“(ﬂ<)> Sra(x)
= 2610 (=) (=56 )+ Salx) — 250 (x)
= 251q(s¢) — Zs.‘«;(x) +Sta (o¢) '-Zs»«\g(pc)

= ZSmCDC) - 43-\\3 (DcS

b © Gnlax)eos(x)d
r?/6
" () ) coslz) o
- ZSM(X) '4Sm (Dc o8 (x x
/"/é
1, n&
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25.
vA /

=V

Figure 3

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
Figure 3 shows a sketch of part of the curve with equation
y=~4x-17

The line /, shown in Figure 3, is the normal to the curve at the point P (8, 5)

(a) Use calculus to show that an equation of / is

Sx+2y—-50=0
(3)
The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and /.
(b) Use algebraic integration to find the exact area of R.
“4)

”L
6) y=(tx=%)
Ay — L - T2 4
- 2@ F) “(4)
=,
_ o ()

-,
—_— = 4 "q t = Z — :‘_‘__S_
e %x:& 2 (8c)-F) Eo=om =
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26. (a) Given that

4 _ 3 _ 1042 _
x* — x> —10x* + 3x 9Ex2+P+ 0 > 3
x2—x-12 x—4
find the value of the constant P and show that O = 5
C))
The curve C has equation y = g(x), where
43 1002 4+ 3x —
g(x):x al 0" + 3x -9 -3<x<35 xelR

x2—-x-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and c are constants to be found.

(6))
vA
C
R
>
0 2 X
Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x = 2

(c) Find the exact area of R, writing your answer in the form a + bIn2, where a and b
are constants to be found.

C))
a) xt-xF-lox? £2c -0 = écz«f F)(gc—4>(9c+g) + Q(xt3)

State  x*~x—(27fc—4 Yoc k2 D)
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Question 26 continued
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27.

a)

YA
VN >
0 a X
Figure 4

Figure 4 shows a sketch of part of the curve with equation
y=(1+2cos2x)’
(a) Show that
(1 +2c0s2x)* =p + gcos2x + rcos4x

where p, ¢ and r are constants to be found.

(2)
The curve touches the positive x-axis for the second time when x = a, as shown in Figure 4.

The regions bounded by the curve, the y-axis and the x-axis up to x = a are shown shaded
in Figure 4.

(b) Find, using algebraic integration and making your method clear, the exact total area
of the shaded regions. Write your answer in simplest form.

C))

J]
(\ + ZQoSCZzA) = |+4 cos(*n:) t+ 4(032 (9-»’—‘\

= f+4—coS(7>c) + 2qog<4x> +2

cH2s) = 2ces’(x)-(

S0

c°£(4x)—; 2ces’(22) - = 4+ 4&0&(%& + 2cos(4x)

=> 2cos(®x)+ 1 = 4'C032<"21_>

k)

Fracdl o ((,;(S‘(‘.‘ (t's where y= ®)
2
(-e. ( X ’ZQQSC?sc\> =O

-
= COSC'?JL) = /2 | 2
Doc = 2/;(( , ?ﬁ"?fgr(é_\ ;c=/§'q, 2 Ml ...
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28. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

16
9(3x — k)

y X # —

W |

where £ is a positive constant not equal to 3

(a) Find 3—)} giving your answer in simplest form in terms of .
X

The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12

(b) find the two possible values of &

Given also that £ < 3

(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.

(d) show, using algebraic integration that,

3

J 10 4x= 2m10
9(3x — k)

1

where A is a constant to be found.
—1
”‘) Y= 6 (22~ i)
q

A= 163 (3-4) Py Cooia cule
dx 7§

- 1¢
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29.
y A
0 / \ *
Figure 5
Figure 5 shows a sketch of part of the curve C with equation y = f(x) where
6x +4x -2
fry= X TAx 2 R
2x +1 2

(a) Find f'(x), giving the answer in simplest form.
3)

The line / is the normal to C at the point P(2, 6)

(b) Show that an equation for / is

16y + 5x =106

3)

(c) Write f(x) in the form A4x + B + 7o 1 where A, B and D are constants.

X

3)

The region R, shown shaded in Figure 5, is bounded by C, / and the x-axis.

(d) Use algebraic integration to find the exact area of R, giving your answer in the

form P+ QIn3, where P and Q are rational constants.
(Solutions based entirely on calculator technology are not acceptable.)
(3)
2 /
0{,) C)QLA.O{’EQA{-"WLQ - u = é‘JC +‘(DC_Z w = IZJQ-R—4'
V= 2o £ ! viz 2

(10 = (244 ) (st 1) — 2 (6x>+4x-2)
(2 oc+t )”
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Question 29 continued

Tk

— 24x" +20x+4 — x -@x + 4

Qx-{—()L

(2t ¥ 12 +38

C?)c-f—()z

t
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Question 29 continued
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