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1. (i) Use Fermat’s Little Theorem to find the least positive residue of 63> modulo 13

S47 (2 r4s+ 7

l4§?< éz o"'\C‘:&‘3 Soace é{?f [modfg
‘Ob =LY

(SV\OCQ ‘ne mark S .
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In this question you must show detailed reasoning.

Use Fermat’s Little Theorem to determine the least positive residue of

21* (mod 23)
“4)

20 U2 + 4

21 = 2]
:<2 (?2>Z)<2|”

= 2['4 mod A
ELT

-—

<

mod 23

—

G ¢ ?
=) () )
(4 <Cdd modk?>

\V)

= 13 xig x4 rodk?2
mod 23

moch 273

~Cx ~< =4

'

= 2x4
= Bwookzg

—
—
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3 (a) Solve 7x =6 (mod19).

2]

(b) Show that the following simultaneous linear congruences have no solution.

x =3 (mod4), x =4 (mod6). [2]

o~> Siack “avene OQC (ILND& (Y

Meftedk A

/ z
@O\CP\ Cmbﬁkl—whoﬂ \A'Sw\o)

Medrod R
= -
Trral and E 1o

Rl (Q > x 1

Puctd's Aloodt~

(9

Sin ce hf (#,19) =)

x= 66 modk 1]

b _—; q n»OO('C)

b> 1::%«\'\0(%4 @

= dmod 6 (B

= 344 forsome €

Sub tto @ -

3ydn =4 mod &
Qo= | mod 6

LVCISQ Oe 4/

mad & cAoec ast exist Siace kg (4, 6722 71

So we SoWtoaS.
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4) Solve the simultaneous linear congruences
br=3 (mod8) and z=4 (mod?5).

(3)

Fradk tawvese o S mod B
| - & ” Nele: (ALese Q(F N mod €

SX 5.‘? QS mod 3 exists e ause V\%(S:X>:‘
= ) mod y

ST = Lmokd

o g() >7<§
x= 15 ~odd
= 7 o3
w e oL

So x = 74 Ra
ﬁU\\/g \’I/L\‘S'\(\jfb )ca4modg
7+ 3o 24modS

het (2,5)= |

10\2 ZMO&S
Klg )n?
G = 4’NQD(S
o=4 +S0 whee bEZ .

b o —4+Chkb cko T =F4E N -

=7 + 8(41Sk)
= 294 40k

So DC%gq fV\OO& 40
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5) Prove that 30n +4 and 20n + 3 are always coprime, where n € N. (3)

[k k= g (B0 £ 10w )

h20at 4 h[20443

So () ) a($0w+4>+ %C'?Q')'\TED For all C(,'b&ﬂ

h ' — (0w =& +60~ + )

) 4

=> ‘VL:_i

=> %Q\/\‘l’4 padd 20A+t A Q@@m“cv\(
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6) Solve the simultaneous linear congruences

7r =2 (mod25) and z=4 (mod 19).

(3)

ZS: 7C3>+Af Zo = Laod 2 < k%c C%QQ:W
7= 4(\) 2 K—?Q )w’?
&= 2O+ x= 4 mod2S
(;4L} = l\mo&zj
T4 (7-4) = (1 TS50 wiee uel
= 24> -7 cabite = fmook A
- ~F(2) )7
2(>5-7)) Nazsezdmed 11y
ofLos
= 2m28 —F(T) oz —Famod [
= 2 mock
O\EZMOO({%

fo o= 24 19k wheebET

=S s = 142524 19b)
= | +47<h
w = Cl modd#<
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7) Solve the simultaneous linear congruences
r=a (mod4) and xz=0b (mod5),
giving your answer in the form
r=ha+ kb (mod 20),

where h,k € Z, 0 < h < 20, and 0 < k < 20. (4)

o = o +4n nhee ACT

o 44n = b mod S
4/:/\2 lQ-0\ Mo(‘kg L\%C4(S):‘

KLQ )ad

= 4b'40\ want,(
= 4u 5 o~ modk S

A=4 Lo TS whest el

——  x- ot 4(4s N

fo gz Sotlbh med 20
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8 Let N be the number 15824 578.
(a) (i) Use a standard divisibility test to show that NV is a multiple of 11. [2]
(ii) A student uses the following test for divisibility by 7.

‘Throw away’ multiples of 7 that appear either individually or within a pair of
consecutive digits of the test number.

Stop when the number obtained is 0, 1, 2, 3, 4, 5 or 6.

The test number is only divisible by 7 if that obtained number is 0.

For example, for the number N, they first ‘throw away’ the “7” in the tens column,
leaving the number N, = 15824508. At the second stage, they ‘throw away’ the “14”
from the left-hand pair of digits of N, leaving N, = 01824508; and so on, until a
number is obtained which is 0, 1, 2, 3, 4, 5 or 6.

e Justify the validity of this process.

e Continue the student’s test to show that 7 | V. [2]
(iii) Giventhat N =11x1438598, explain why 7 | 1438 598. [1]
(b) Let M= N>

(i) Express N in the unique form 101a+ b for positive integers a and b, with 0 < b < 101.
2]

(ii) Hence write M in the form M = r (mod 101), where 0 < r < 101. 1]
(iii) Deduce the order of N modulo 101. 1]
—_ —% = O
a) ¢ |-S+ R -2 *4 S +F-¢

1o so 1IN

. al b ond Q(Q tren O\kbjdcp

éo( Ov\u{ DC,\jeﬂ'

e e, ip TIN ek 7170 ) feen

So appYYy™9

7 | N — 7k e T oia fhe beas

Lo theongh AERR
W e~ e shude: ™ ve. FIN—FU

=10,
Ccolarrn



" @ AUACE Lk
Ml:CQ\\&'L{—SC)S ¢ owhat JTm e 9

d\)é
Ne = oodo3 o Ul
4

o) |24 c ol

]

NS;,ooOSO 204
N, = 0000\064—
Ng = 0o 60 080 !
1\,%:0000007—‘
M:OOOOOOOO

m)bj Swclid s Lemma -

| 43¢S9
Z (1 x1423508 +

=7 7‘\[\ or
— 711423598 trace  F AL

b)) N _ \cgeqg. 990

P

(O

o= \SCET®

'S =0 O
l.e

2.
2
U> M = N = <ko\2<(SC€%‘L%-HD®>

2
7
E Qo(x\S@@ﬂ} 4+ onlOl ®\SEETR T 10O

Z O + O+ 00>  mod !0
= t\)Q y\«oCﬂ\(@\
= \ v’\'\oci 101
Cil) c"(g/ Nz/ lMoo\ \O( t\)';“—]OOmod[O(

Lia L& OVO(CN%#J as
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9) Suppose
xr=3 (mod7) and z=11
Show that
22 =2 (mod 119).
z_
)sz Q[ W\O&r:l( x -
= mool F =

=D> :c,l = ) W\OOL<(+KI¥>

= 2 modk L9

(mod 17).

£g)" modl?
2 NO(‘LHZ

swee g (%/07) =
il AL

il (SR o el

g goo 'S
e T -
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10 Solve the simultaneous linear congruences x = 1 (mod 3), x =5 (mod 11), 2x =5 (mod 17). [6]

® (s P9
)Cilrv\ovlg @ oz 4 med

@ o= |3 60( cone O] = (| mod |7 @

S wte @)
| +20 = Semodll

Sh = 4 mod !
2<4'<‘> >\< + Stace bc& (’S,H)Z\)

h= 16 aod !
=cC mod |l

ce. =Gl for Some weZ

g'\kb rato @'.

9&:\*g<_g'¥“b>
= |6t 3% ©
Suh  btwis iato © -

(6 +330 = I[ modk 17
— b = —Q MOdfq
h=z S Moﬁqu

= b:Si"?C &gcge/\&e cel
Cab Voch o @

2 = 16422 (4 1Fe)
=gl +SElc

rnod SO

—> | = = 3Bl
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Determine all integers x for which x = 1 (mod 7) and x = 22 (mod 37) and x = 7 (mod 67).
Give your answer in the form x = gn+r for integers n, g, » with ¢ > 0 and 0 <r < gq. [6]

11
=) nod T
o= 14 Fo @ d&g( S~ O\GZ
SU\L" @ ?n"(m SQE?Zmod gi}
= (+Fo= ’22\/\'@&'21
_'?0\_:,’2\»«'\00\3'7
=7 o = goN\Od g?
o =24 3Tk gor So< P
Cue twis  boch iato @
se= | T(3+3270)
= 22+ 289b ©
= 7»’\«001*64

-—

Suwo @ Mt x
22_\_'ZQQ\OE ?/\AQCLé:!‘

ggbi —I< mo(\keq
((MC( L\COP CSS / Q:HZ))

Need ¢ NN S&(\ modk b6F
- ° £ L =53 (\) + 9

J— — M@AG#
Sgx-lS= S3= a(e)+4
b= S2xm1S eod b7 Q= 42)+
= > \:C\‘ i(ﬂ
=q - ngﬁ\(@))@)

—\<$%x-\S mod 67
12(a) —2(538)

= 24 mod bF
b = 24+ 67C -
- 2((7-53) - 2(s3)
= 12(¢1) —(S(s8)

So
=> o, = 2 *233(’24—*Q?Q>
#2353 ¢ + 623%
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12) Suppose
7' =53 (mod7) and 2"'=59 (mod 11).

Show that

(ojFL—[\ ;Céf | mod p Pmu(dlec(

A XIIOE\V\«@O\“ g

Or o 1S Aot '

— aege StutCreqts on

fr\v\\v%lb«k -

£ @Q[c})lgpc = 4mod I/
=% .= ¢modl

. ) =)
So > = 4,\,\00\(?&“7 8 tace Wgr (F, )

sc= 4 modh TF
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13) Solve the simultaneous linear congruences

r=2 (mod 3), r=3 (modb5), xr=4 (mod 7).

@ x. = 2+ 2%k
Sl fato x=2 moch S

2+2k = Zwo&g

3 = | modS
=L (.

9 Qx)
l,(_"/; 'Z.r«oo(g

Singe hy (3<) 7]

=2+ S
Sh inko B ¢
= 2+35(2+S0)
— 241w @

FOINS @) inte = 4 mo o

Bt \Sa = 4modT
|+ oz dmodd
o = 2 molkT

4 =24 Flb  whee bell

cu s abo (O

> = 2 yis( 2+7b)

= S2410€ &

< = S22 med [0S
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14. Let G be a group of order 46" + 47%

Lk

Using Fermat’s Little Theorem and explaining your reasoning, determine which of the
following are possible orders for a subgroup of G

() 11
(if) 21

Ej (/0\3 rOMje ks

\'-Z_ we Aeeo(

4@“4—47”

So |

(7

divid €S ocdes of grovp.

Tueor&\/ ocdle of g‘*”éj“’“?

6 17
Lo clhech Y \\ \ 464 +47

246+ gé}?— od [

Al

6 o+
— 2—4><(o+ N lan mo()k”

ot 7
;CZ\O)‘f(?)% +C; 3 mod

—
—

2C + 3? mod”

N
= 2500 4 STt modt
-2 x-3 o SxSas moall

L
= q 4 2 =% mod !l

W

4 m~od N

P AMET

1\

o 't Mol

of  tue Sleqronf-

FLT
vy

@ PQSS'\M" o/ lec
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15) Solve the simultaneous linear congruences

r=3 (mod 6), r=5 (mod 8), =9 (mod 14).

= Zmo k6
—> o = %-FGO\@ whee a& 71
QU\[O @ nto >C = SWbOLg

2460 =S modd8

= 2modd
60\ Z ( 30\% | mo(‘/(a

Lk

\
1S iacomedt -

3o = | mod 4 '

= 3( PAE hop (2,47
= a = %W\OO\A" f

o a=2+4b @ whee b&Z

gub @) tato @r
=2+ ((3+4b)
= 9| +24b @

Suwbo @ jato < = 9 Mmook 4

21+24 b= Ymed 1+

7+ Qb= 9 mo o\ l4'
0= 2 modk 14

L= %+
Sub b= 247 loaxch mo@:

= 2| *24<%+7Q> =93 +1638¢

= = 92 mod 168 ]
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16) Let m,n € N, and suppose z, a, b € Z satisfy
r=a (modm) and z=0b (modn).

Prove that
a=b (mod ged(m,n)).

(o X &+ € m ok = bt pn w he€ f,fé-a
(o dVa\ —

@ I‘O\—’—"(TW\ PN Dl'b:p"\ @

N 01 So 0("6""\"@‘/' bj cloeSur® Oqf
UL‘ " xn) ]'M a{\N\‘_C}b?W'b

— b= o  mod A
o bz o mod (kg ()

I

Pk&a&e note lf(z\ere,ls ()Lew(—vj Be \qujg +o Pc@\;( A (O

Theet O\QMUS MO~ QOCQUFCI&“J‘ W ¢ to ()@UQJWL\Q iy
T trowe tred Yo ot (@ W\j pPO9L o3 Sfml\gkjr&@?w&ra(

S POgStbk
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17 (a) The group G consists of the set S = {1,9,17, 25} under x

the operation of multiplication
modulo 32.

322

(i) Complete the Cayley table for G given in the Printed Answer Booklet. [2]

(ii) Up to isomorphisms, there are only two groups of order 4.
e C,, the cyclic group of order 4
* K, the non-cyclic (Klein) group of order 4

State, with justification, to which of these two groups G is isomorphic. [2]
(b) (i) List the odd quadratic residues modulo 32. [2]
(ii) Given that n is an odd integer, prove that n®+3n*+70%* = 11 (mod 32). [4]
D)
“ X, L9 1+ S

| \ Q9 \F 25

9 |a 17 s 4

|7 | '+ 2< 19
215 | 26 a a  \F

11> (eclt (&” C S cﬂc_(ac Z
q e 2<
Gkﬁwxeofk i

?
ocders T . )
e cansSR
N (Q‘B 2 OCCZS> s St cOLULul 4 ©

olivides fue ord®e SF

LQ.AQ'A"\
order of vy &
d: Treoo@ ™ Lo

!
e q rowp ooy Logroage > . .

, S S
potn 9 £ 28 0w  qenertT B h

pnd  twus  csomerplic to Ca
somoop




check up to (2Z1)T T wwwx

b 'C) To § cnd  Queadsatic RessduesS
[Le. hee we ool checlh (, 22 > 4 PN (g
Svce NE€ ®«5 NPy odd  Quadrabx Posidues we Oy
Chech Tne od d  Aacsmbess g@"“‘d&‘
2
lL-‘;/ \ (ﬁ-rck : 0‘\2 EQ@«—q> MO& LYa
EL;’ q {OQFOLMSQ {& 1@(,5011\0‘\ &HS I 96*
Stz s 107 - 2xlbeon Fa
2 n > Z;f —
2 _ . _ —
= é—— 'ch et \q - /N o =0
7°2(6-7) Y _r moth 32
Q= \F 1,.3 al)
l_Qérl\)f 2 =729
Qé—@zf 379

Qﬂ/ \ 7, 25 = the odd QR; X

) w3 (0

bi) we swow

w) (et h=n° czat e 2L

EJ, n (& ar oOQCj ?n}eja e ‘3‘3

&5(,0(/(’{-,;,/ 2 < MOOKgL

Exhausttow,

by
e n= | ok 32 e
= 1l mod 37 9%= | Fmotk 32

b‘j q()
N\OOL 37 %U\Qfx A’E qg '4g<q>1ﬁq (Qﬂ
2
= 4°x9 +@ + 63 Mot 32
See A1)
= @—\ S — 1 mod 32

2¢ 4+S1 = mod 32
7S mod 32
= (l mod 32

=Pz + 200

-—

& N

et

t)



?g[wocq 272 b = Tk
COL A2 = (T mod 31 “ S

ten k= Q?f—(— 3(17’)2+ ?(\7)

= 42

= (\ N\(’)Clgl

o 7= 5¢ mod 32
1
= (22) +3(29) 7 05)
= 2T 4 2 \TF + 3 (-F)
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18 Throughout this question, # is a positive integer.

(a) Explain why 7° = n (mod 5). (1]

3]
(5]

(ii) Is there an integer N, greater than 30, such that n° —n is divisible by N for all positive
integers n? Justify your answer. [1]

(b) By proving that n° = n (mod 2), show that n° = n (mod 10).

(¢) (i) Prove that n° —n is divisible by 30 for all positive integers 7.

0L> bnj ‘Fefwccf'g LiHle fheo=m,

V\+; lmoCL S
xN (_J (}x/\

"\SE d\w\oa\g

we oW a0 =

Lin e L\COL(SIZB =1 Fhea N

VAN GG Y3 Q&O«P{!_
o d\(kw\\oer(_l\) , wad dauvisille (03 @

- N .
Youw Ll clhech (OL Q \ \J &ﬁ & | ( {

N e
rea it mud
& and |
C(g/ L s = o biple (’DQC

o molbiple Of 60,

“ { s ¢ ™ gu . . -—N 'S a\mq( ?()L QDF‘
! \ f <
! lj‘ k
T olUr wesStioe p VY] |
O Og 2 / () — S

{>U\S(V\ = DMod(O

—> VLQZV\ M@Q\CO



C ) i Nz Owmod 2, tea

X o LT
f& n= lor 2mod 3 e~ N = [mod ? Bg =
4

- "S:—;AM@ULE
—— AS—az= Owmod?

S_n = Qwod 3 o all ne7 .

Se A~

= o owee (3,00) =1
I\;EI\ MO&(O andl AS:/\,««@AB a &

S=a moch CIQAl)

= n
k\g; " V"‘Od gO
= =
S_n = 29 w hec coanot  be olivie 1 b(€
Cl) V\/o . (A; V= Z , "N
nu M bes eyﬁo&e/ Fan %O .

I'Db C/\/\kﬁ

As—y\ = O mod. 2 .
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19) Prove that

h =
ocd(12n + 3, 20n+1) = 4 & Whenn =0 (mod c),
d, otherwise,

where a, b, ¢, d € Z are to be found. (5)

et b= qedk(12a13,20710)

nl12atz € n | 2044 ]

be?
<o h ‘o\Cn A+3)+\9C?on+ﬂ for o\ o,

= i | S Claard)) = 30tV

—> | ont (S 60075

<o [a=2, b=l,c=2 gd= |
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20) Solve
2*=6 (mod 77).

)= Lol TT

3
Y 0ok b andh X = (wmod !

e
S tace kg (% 1)=

@ x = Comod T and ¢ = mod [ @

So\ua @ bj -{—r-fq( £ ereo—

oC = 2 oc S oc 6 /“\Q)O;\?

'I

vota Cides o the miaws 0n<

&\ve@ by S0
< = ' mod 1

é invesse mod A st\dé 2

So ’r= 2 Mod”

xX = 2 Mbd?
dl,mr\j Yee Come p/‘@cetb&{

=> x= 3% < QWQJ\T %\-JQJ_

3+ 71z 2modll for x=
(I\C(f— C’«(—,\ﬂ:)

x 8(} Qxb = 2 )
k= va‘oo\l\

?4 or (:»8 /"\boﬁq‘q

—> ko S+l
Co x = 247 (3t1a)
= 24 +H
=z 24 mod T
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21) Solve the congruence

2131 = 2024 (mod 2027).

U\S(“ﬂj FACT o~ caltulator 202+ IN=HEN

Lo DCP/QZG-: |m©0{ 2027 w \~ee §c4<x/2027):)

el taad
I \NOULE '(‘() f\‘/\(A o~ M \\'\‘/\‘QQK/‘ \'\ < cWh SV

TG AN §/\+Q&Qf
Lx|’$$1>'( - x P whee A

fe. 12c| k= 2026a+]
=> 12¢| k= moh 2 026

So we (ool for favesse or 121 mod 2026
bj Euclid s /Hgmt%m,
12t = 2si(1) + €FS
2gt = g7s(2) + |
=5 | = 1251 - 67<E)
= 1351 - (2026 135V ) (@
= 3(ag() - 2 (2006)

Co  (2c|xd= Imeel 2026

7C\3§l = -7 o 2097

CZ\ZSf)g = Q_%’)Z o\ 2027 =5 x;,\zq ool 2027

2000 wmodk 2 OF
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22 (i) (a) Provethat p=+1 (mod6) for all primes p >3 . [2]

(b) Hence or otherwise prove that p*> —1=0 (mod24) for all primes p>3. [3]
(ii) Given that p is an odd prime, determine the residue of 27 ! modulo p. (4]
(iii) Let p and ¢ be distinct primes greater than 3. Prove that p?~' + 47! =1 (mod pg) . [S]

- . Some W&, ie
i,) cx) ((/Q)f all prime$ PD% ) P-—?"H\ o S

= ~od G
‘l’b\e:}/rk all oA §0 f: |, 2 oc S )
m o€ ame. ~&
‘ou—k— iof ()-2 3 v\Ot}\ C) tten PC R+ 6 0{, Lome
=3(tz~) e B
< N - 72 ‘
v hich 13 taposSlble Since p i3 pPCOIme & d e

. (O—E\crg ek 6 =D p;jh«@c}\e

70) Pf £ mook()
= Fi]: G h Apo( Qo ‘\'\C_ﬂ
=> pr-l= @ul) —!
- 2k el

= 24n" + 12k

= 2R 12h moh24

= Jor () mok 2t
Lo One S Gdfk an A o€ (8 (IS

k 2 h+l ot C,Onsecd;‘we \M{-esczs

= ¢ Lome M&ZZ_
even X schd = €ven. Co hC‘(\—H) = 2m (o o

le.  p’-| = IZRalm ~od 24
; 24—/\/\"\ :/\'\Ook'7-4'
= O modk 24
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Zf'(; | modk £ &Qr e
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Zf 1: Z F :Q( >
= 1 medte
= | mod P
v 3 FL (
\‘“> @ F’L = l,\,\oOLCt bj
= LT
® ({f’" = lwmod 0 T j
A’M“j %P—' lo Loty cides 70& 6) 6NQS
Stace leJ =

P g = et
(1.—\ = 1W\OA P

Similwiy %f“\*_P
Sia (€ -tke%@

Now geace ”‘CJ C(,f(/) B
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55 mo oA L+{P({ OOC 63 .
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