
Number Theory
Worked Solutions



1. (i) Use Fermat’s Little Theorem to find the least positive residue of 65�2 modulo 1�
(5)
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1 #

13.2 = glxPS+
2

= (
"

)
“

× 62

≡ 105 x
62 mod 13 Since I" = /mod13

by FLT
E36 mod 13

E10 mod 13

ignore the marks.

*



2.  In this question you must show detailed reasoning.

Use Fermat’s Little Theorem to determine the least positive residue of

2180 (mod 23)
(4)
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3×22 t ( θ

2180 = 21

=2 [ 1㎡ × 2 ,
1 "

Since 21 = /mod2]
= 2 1 " mod 23

by
FLT

=( 23 * mod 23

≡ ヒ 2プ ℃-2)
℃

- 2 )
× mod 23

E 64x64x4
mod 23

≡ 18 × 16 x4 rod 23

E
- Sx -3xD mod23

≡ 2 x ① mod 23

= 8 mod23

*
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3 (a)  Solve  x7 6/  (mod 19). [2]

(b) Show that the following simultaneous linear congruences have no solution.

x / 3 (mod 4), x / 4 (mod 6). [2]

2*

어 Find inverse of 7
mod 14

Method A
_

Back substitution using
Euclid's Algorithm

Methods
_

Trial andError .

7
「
≡ 11 mod Iθ

7x = Good IP Since (7 , 10) = 1

× n (
,

dx "

E66 mod 1t

·CE & mod 18

b) cc =3mod4
<= Rmod 6

o = 3 + 4a for some at1

Sub into :

3+ 4a = 4 mod6

4a = I mod 6

Inverse of
& mod) does not exist since hy (4 , 67 = 2 #1

So no solutions .

**



4) Solve the simultaneous linear congruences

5x → 3 (mod 8) and x → 4 (mod 5).

(3)

2X

Find inverse of 3
mod8.

Note : incese of
5 mod ?

3 < 5 = 23 mody exists because he (3 ,3)= 1

≡ I mod8

Sc2 E3 mod8

× s(
s

dxs
= 15 mode

≡ 7 mod 8

so x = 7 + 2 a
wher att.

sub this into = fmod3

7 + 8a=
mods

2 +3a=mods

3a = 2mod] ng ( 3 ,
5 ) =

1

×21
↳

dxz
a = &modS

where bEL .

A= IX 5 b

sub a = 1+ 56 into x = 7+ 8a :

x= 7 + 8 (Atsb)

= 3α+ 4Ob

So SCE38 mod 40
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5) Prove that 30n + 4  and  20n + 3  are  always  coprime,  where  n ↑ N. (3)

*2

let h = Lay /30n + 1 ,
20n+ 3)

h/sou + 1 & hlzont3

So n/al30n++) + b(20n+3) for
all a

,
bel

=⇒ h 1 730 μ tt ) t 3 ( 20〜+ 3)

h1-son-o + 60n +&

he 1

=> n =1

=> 30n + & and 201t3 are coprime
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6) Solve the simultaneous linear congruences

7x → 2 (mod 25) and x → 4 (mod 19).

(3)

ㄼ

25 = 7(3) +4 7. E2mod ? S
hg (F. 25) =⇒

7 = α ( 1) 53
× -G ) メ

-7

θ= 3( () +
1 -mod2]

1 に 4 - 3
≡ 11 mod 25

=
a - (7 -4) x = 11 + 25 a where att

= 2(θ ) -7 subinto xE &mod 14

ニ 2 ( 25 - F (37 ) - 7
11125 ae fnod 10

hag (6,18) =/」
Ga = 12 mod 14

= 2x 25 - 7(子)
6a =

- 7mod IP

a = 2 mod 18

so at 2 + 196 wherbet

=s
7x = 11 + 25 ( 2+ 10 b)

= G 1 + H7Sb

x= 61 mod47S
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7) Solve the simultaneous linear congruences

x → a (mod 4) and x → b (mod 5),

giving your answer in the form

x → ha+ kb (mod 20),

where h, k ↑ Z, 0 ↓ h < 20, and 0 ↓ k < 20. (4)

3*

x = a +In wher no 1.

a +4n = b modS

4n = b - a mods ng (r .
s ) =

1

a ∅ ↳ aad
n= 4b -1a mods

= +b + a mods

n = tbta + Sm where mE EL

Sub into =at In

⇒ x= a+ 4(4b +a +Sm)

= Sa + 16b +20m

So Ce SatIbb mod 20

***Compiled By London Academy Of Maths | Created By Chris Nunes



8 Let N be the number  15 824 578.

(a) (i) Use a standard divisibility test to show that N is a multiple of 11. [2]

(ii) A student uses the following test for divisibility by 7.

 ‘Throw away’ multiples of 7 that appear either individually or within a pair of 
consecutive digits of the test number.
 Stop when the number obtained is 0, 1, 2, 3, 4, 5 or 6.
The test number is only divisible by 7 if that obtained number is 0.

For example, for the number N, they first ‘throw away’ the “7” in the tens column, 
leaving the number N 158245081 = . At the second stage, they ‘throw away’ the “14” 
from the left-hand pair of digits of N1 , leaving N 018245082 = ; and so on, until a 
number is obtained which is 0, 1, 2, 3, 4, 5 or 6.

• Justify the validity of this process.

• Continue the student’s test to show that N7 ; . [2]

(iii) Given that  N 11 1438598#= ,  explain why 7 1438598; . [1]

(b) Let M N2= .

(i) Express N in the unique form a b101 +  for positive integers a and b, with b0 1011G .
[2]

(ii) Hence write M in the form  M r/  (mod 101), where r0 1011 1 . [1]

(iii) Deduce the order of N modulo 101. [1]
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a) i 1 - 3 + z - 2 +a - 5 +7-y = 0

1110 so IIIN

ii) we know that if alb
and al then albetcy

for any, yel .

so applying
this here

, if FIN (nd 7/7m) then

7/N-7h

When the
student through away

the f in the ters

comma
it's the same
as 10 ,

i
. e .

FIN-70.

***



: what I'm reducing
N2 = 01824308

N3 = ·01 124 30/

No = 004 03 0 1 /

No = 000.30 20/

N =
·00 00 1 0 6 &

↑7 = 30 0.0 030 (

Ny = ·
· 0 0 0 0 2

No = 0 0 0 0.000

iii) by Endid's Lemma
:

7111x1438508 => 7/1) or 711438548

=> 7114385 A 2 since 7 XII .

b( 1 ) ,#= =156678.8001

so N = 10 1 x 156678 + 100

ice,

a =
156678

,

b = 100

ii) m = N
=

= (101 x 136678 + 100)2

= CO 1 × (566F8) + 2x 101 × 156678
+ 1002

= O + 0 + 100% mod /0.

= E1)
" modloI

=  I mod 1 01

iii) if NE
I mod 10

then ord(N) = 2 , Since
ord (N #1 as

Neloonodlol

***



9) Suppose
x → 3 (mod 7) and x → 11 (mod 17).

Show that
x2 → 2 (mod 119).

(3)

3

tX

2x
2
≡ α mod7 x

리
≡ - 6)C

2
mod 17

= 2mod7
≡ 36 mod 1t

≡ 2 mod It

=> x
2
≡ 2 mod ( 7λ 17 ) Since hef (7, 17) = 1

→

≡ 2 mod 110 will lose a mark

if you
don't state

this .
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Solve the simultaneous linear congruences  x / 1  (mod 3), x / 5 (mod 11),  x2 5/   (mod 17). [6]

3

tX

⑤ ⑨  (2x8
CC = I mod3

x = 45 mod 17

① = 1 + 30 for
some att = 11 mod 17 θ

Sub into ⑤ :

I +3 k ≡ Smodll

3k = &modI/

×( dxd Since ha (3 ,
11) = 1

h ≡ 16 mod 11

ES mod /I

i.e. a= 5 H11b for some beL

Sub into :
x = 1 t 3 (S t ( lb)

= I 6 t 33b θ

sub this into 0 :

16 + 336 = 11 mod 17

- b =
- 5 mod17

b : 5 mod 17

= b = 5 + 17a for some <EE

Sub back into E :

x = 16 + 33 (s + 17 c)

= 181 + 561 c

=> x ≡ 181 mod 561

***

10  
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11 'etermine all integerV x Ior ZKiFK  x / 1  �mod ��  and x / 22  �mod ���  and x / � �mod ����
*iYe \our anVZer in tKe Iorm  x q= +n r   Ior integerV n, q, r ZitK q 2 0 and 0 G 1r q. [6]

3 *

I mod7

x = 1 t Fa ⑤ for
some
at2

Sub into CEzemod37

= I +FaE22mod37

Fa ≡ 21 mod 37

=> a = 3mod 37

= a = 3 + 37b for
Some bet .

sub this back into

x= 1 +7(3 + 37b)

= 22 + 259b ℃

sub@ into = -mod 67

22 + 259b = 7 mod67

50b = - 15 mod 67

Szb= 52 mod67

Need to find 58" mod 67 (since hey (58 ,
67)=)

6 F = 58 ( 、 ) + o

S8 × - 15 ≡ 1 modb7
88 = θ ( 6 ) + f

b = S2x-15 mod 67
θ = &(2 ) +

1

E 15x-15 mod67
= > 1 = A - & (2)

≡ 2 4 mod 67 =1- (30- 0/ 6) (27

So b = 24 + 67C
= ( 3( 0 ) - 2 (58)

= 13( 67 - 58) - 2 [ 58)

⇒ x = 22 + 250 (2 R + 6Fc)
= 13(6F ) - (S (58)

= 17353 c + 6238

***



12) Suppose
x109 → 53 (mod 7) and x131 → 59 (mod 11).

Show that
x → 4 (mod 77).

(3)

3*

byFLT-> x lmod 7 provided gcd(x ,
7)= 1

& "Elmodl providedG=

or x is not

a
multiple of

7 or li

Sox10 %#53 mod
7

- these statements an

equivalent .

=> (C6)" = 4mod7

==mod 7

& 兆
) 'ox= Imodl "

=> cc = &modll

so <E&mod(Fall ) =
>

_

x = 4 mod 77
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13) Solve the simultaneous linear congruences

x → 2 (mod 3), x → 3 (mod 5), x → 4 (mod 7).

(4)

3*

@ x = 2 + 3 h

Sub intoE3mods

2+ 3 k ≡ 3 nods

3) h==1 mod3
Since hey (3,

3) = 1

x 2 G 고 xx

H = 2 modS

k = 2 tS a

Sub into

x = 2 + 3 (2 + Sa)

= 8 + 15a ⑬

sub o into e = &mod7

8 + 15a = Kmod 7

It a ≡ kmod
7

a = 3mod7

so a = 3+7b where bet

sub this into

x = 8 + 15 ( 3 +7 b)

= 53 + 105b

= 53 mod 10S
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. Let G be a group of order  4646 + 4747

Using Fermat’s Little Theorem and explaining your reasoning, determine which of the
following are possible orders for a subgroup of G

(i) 11

(ii) 21
(7)
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by Lagrange's Theorer
,
order of subgroup

divides order of group.

47

i.e. we need to check if 11146+ 47

& (4 + 1747 = 24- 347 mod 11

≡ 20 ×
10 + 6

+ 30×
10 +7

mod 11

≡R
1↑( 2 )+③)37modll

by
FLT

= 26 + 37 modIl

≡ 23x 23 + 33x33 x 3 mod 11

E
- 3x - 3 + 33x3

· modlt

d
= 4 + 2x3 modll

≡ d nod 11

so 11 X & C+ 17 so it's not a possible order

of
the subgroup .

***

14  



15) Solve the simultaneous linear congruences

x → 3 (mod 6), x → 5 (mod 8), x → 9 (mod 14).

(4)

3fX

x≡ 3mod6

=⇒ x = 3t 6 a ⑤ where at I

Sub into x = Sod &

3+ Ga =Smod]

Gaz2modZ

3a = I modt Elmod8 is incorrect ?

× (
,
3 3 ng ( 3 ,

8 )= 1

a는 3modf

So a = 3 f 4 b ⑬ wher b[

sub ⑮ into :

x = 3 t 6 (3 + &b)

= 21 + 22 b @

Sub O into = & mod 14

21 +246 = &mod 14

F t 1 Ob≡ 4 mod If

lObE 2 mod 14

5b 1 mod 7

× (,3 3
be 3 mod7

b = 3 +FC

Subb = 3+zc bachinto @ : x= 21 +24(3 +7c) = 93 + 1682

x = 93 mod 168
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16) Let m, n ↑ N, and  suppose x, a, b ↑ Z satisfy

x → a (mod m) and x → b (mod n).

Prove that
a → b (mod gcd(m,n)).

(4)

ffX

supposeEmod and=b mode

then (= a + tm and x = b + ph where t ,pet

① -a = tm and -b =pr

@ 一⑬ b - a = tm - pr

now Let d = bag ( 1,m

by
dia and alon so diem-pu closure of

divisibility

=> tm-pn = Omod d

=> ' b-a = Omodd

_

→ bea mod d

= b = a nod (hg (n ,m))

D

please note there's plenty of ways to prove
this.

There's actually moe efficient ways to prove this
but

I have tried to
make my proof as straightforward

as possible
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17 (a) The group G consists of the set S = "1 9, ,17, 25, under #32 , the operation of multiplication
modulo 32.

(i) Complete the Cayley table for G given in the Printed Answer Booklet. [2]

(ii) Up to isomorphisms, there are only two groups of order 4.

• C4, the cyclic group of order 4

• K4, the non-cyclic (Klein) group of order 4
State, with justification, to which of these two groups G is isomorphic. [2]

(b) (i) List the odd quadratic residues modulo 32. [2]

(ii) Given that n is an odd integer, prove that  n n n3 7 116 4 2 /+ +   (mod 32). [4]
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a) i)
×3 .

1 d 1 は 25

1 ㅣ θ 17 25

θ ㄻ 2s 1

ㅁ 17 25 언 θ

5 5 그 ↑ 17

ii ) Crech if G is cyclic :

θ ㅁ 5

element 스
?

order 그
? 2 Ti

ord (4) & or(23) must equal I
because

order of any
element divides

the order of

the group by Lagrange's
Theorem, So

both & & 25 are generators
so G is cyclic

and tuus isomorphic to Ca
、

_

****



check up to
-

bit To find Quadratic Residues

i. e.

here we would check
123,

33
,

42, ...., 15 "

Since we only
want odd Quadratic Residues we only

Check the odd numbers squared .

Trick : a
? E16-aY mod 32

12티 _

because if I
expand RHS I get

32 ≡ θ
162 - 2 x 16xa far

52 ≡ 29 〜

F
2

≡ 1( -FP≡㎡≡ 1 □ by ai )
항 ≡℃

≡ a
2 nod 3 2

θ
2
≡ ( F by ai)

1㎡≡ ( -1
)

≡ 52 ≡ 25

(32 ≡ (C -⑬ ≡ 32≡ α

152 ≡ ( ⑯- es) ≡ (~≡ 1

ㆀ 1 p, 17,
25 ar

the odd QRs
.

io) letA= no + 3ntt tus =~
)

”
+

3 ( ^㎡ )
^

+7 ( ^^ )

if n is an odd integer then by bi) we know

a* I ,
4

,
17 or 25 mod 32

By Exhaustion ,

if n /mod32 then A ≡ 1
3

+ 3 ( 1P + AC . )

≡ I anod 32 42= 17nod32

then h= 42 + 3(4)(+ +(0) by a i )

if nEP mod
3 2

≡θ>×0 + 3 [⑦ + 63 mod 32

see ai)

=⑰p + 51 - 1 mod 32

mod 32
≡ 25 +51 -

1

E 75 mod 32

E 11 mod 32

****



7
≡
lnod32byaii

ij n2 = 17mod 32

then A ≡ &ε)
β

+ 3 ( 17) + F(7)

≡ 17 + 31 . 7 t 23

≡ 23

≡ l 1 nod32

if n22S mod
32

A= (25)3 + 3(23)" + 7(75)

≡ 25×17 + 3 × 17
+ 7 (- 7)

≡ D + SI - &D

=11 and 32

Da

****



18 Throughout this question, n is a positive integer.

(a) Explain why n n5 /  (mod 5). [1]

(b) By proving that n n5 /  (mod 2), show that n n5 /  (mod 10). [3]

(c) (i) Prove that n n5 -  is divisible by 30 for all positive integers n. [5]

(ii) Is there an integer N, greater than 30, such that n n5 -  is divisible by N for all positive
integers n? Justify your answer. [1]
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a) by Fermat's Little theorem ,

nt= lmodS

Xm (
」 고 n

US = on mod &

미 03 ==Omod2 sonEnmod 2
15 = 1 ≡ lomod

2

we know
that Enmods

and n En mod ?

Sinc hy(5 , 2) = 1 then
n3Enmod(2x3)

i.e. n3= amod I0
'

If this doesn't
make sense think about how you

would check is

a number
,
N

,
was divisible by 66 for example .

You'd check if JIN and if
11 /N

if
N is a multiple of 6 and 11 then it must be

a
multiple of 66.

In our question ,
we're saying

n3-n is a multiple of

a
multiple of If

& and Og 2
,

so ne-n is

=>> > a3 -n = Gmod (0

=> nn mod (0

****



(i) ij n = Omod3 ,
then n-n = Omod3

if n = loozmod3 then n= Imods by
FLT

=> nθ≡ S mod 3

= nenmod3

=>n3-n = 0mod3

So n5-n = O mod 3 for
all nED

.

n = nmod10
and Enmods

and hey (3 , 10) =1

⇒ n3 = nmod (10x3)

a n
mod 30

⇒

ii) No
. if n = 2

,
n5-n = 30 which cannot be divisible

number greater
than 30.

by any

****



19) Prove that

gcd(12n+ 3, 20n+ 1) =

{
a, when n → b (mod c),

d, otherwise,

where a, b, c, d ↑ Z are to be found. (5)

**

let h = gcd (12n + 3
,
20n+ 1)

h/12n + 3 @n /20n + 1

So h(a (12n + 3) + b(0 +1 for
all a,bet

=⇒ n 1 5 ( ( 2 nt 3 ) - 3(2on+ 、)

=⇒ n 1 6ont t 5 - G 0n
- 3

=> 3112

=⇒ h = 1 ,
2 ,

3
,
9 ,
6 or 12

now 20n+ 1 is always
odd (201 + / = /mod2)

so he 2 ,
1 ,
Jor1

=> h = 1 or 3

if h
=3 then 20n+ 1 = 0 nod3

= 2n = -(mod3

2 r ≡ 2 mod 3

n = lmod 3
neg (2, 3) = 1

so a
= 3

,
b = 1 , c =3 &d = 1
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20) Solve
x9 → 6 (mod 77).

(5)

5*

2 Good 77

=> C
= Grod 7 and

=GrodIl

s ince hg /7며

A 12 = -Goodt and ec" = Good l

Solve by trial
& error :

x = 3 or 50r6 mod7

Solve by raising
both sides to "the minus one"

x = 5'mod It

6 inverse mod 11 is just 2

So x = 2 modII

x ≡ 3 modF

doing the
same procedure

=> x= 3 +7t

35 FK ≡ 2mod ( 1

for RES ,
6 mod 7 gives :

7k = 10mod/I ug (F, 11) =
1

x 8 /
s
o =13,400 68

mod7f

eE 3 mod 11

=⇒ k = 3 + 11 a

So x = 3+ F (3 + ila
)

= 24 +77a

xE24 mod77
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21) Solve the congruence
x1351 → 2024 (mod 2027).

(5)

S*

using FACT on calculator 2017 isprime

So <202 = Imod2027 whee ged(x ,
2027)=

I want to find an integer h such that

( 13s1y
*

= x2026a , where a is an integer

ie . 1 B51 K = 2026 at
1

=> 1351k = 1 mod 2026

so we look for inverse of
1351 mod 2016.

by Euclid's Algorithm ,

2026 = 1351(1) + 673

( 3 S 1 = 67S (2 ) t
1

= > 1 = 1351 - 673(2)

= 1331 - (2026 - 1331)(2)

= 3(1351) - 2(2026)

so 1351x3 = /mod 2026

1351
≡ - 3 mod 2027x

(2133193 = (3)3 mod2027 = x = - 27 mod2027

= 2000 mod 2027
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22 (i)   1 mod6p 3p (a) Prove that  for all primes . [2] 

(b) Hence or otherwise prove that p 1  0 mod242 for all primes 3p  . [3] 

2
2 p 1 modulo p. [4] (ii) Given that p is an odd prime, determine the residue of

(iii) Let p and q be distinct primes greater than 3. Prove that q p 1 1 1 modp q pq  . [5] 

6*

i) a) for all prices p>3 , p= 2h+) for
some kEL ,

i . e.

they're all odd .
So pel ,

3 or 5 mod 6

but if p = 3mod 6 then p
= 3 t6m for some met

= 3(1 +2m) i .e 31p

which is impossible since p is prime
and p

> 3.

1
. Pelors mod6

=> pet/nod G

b PE#I modG

=> p I 1 = 6 k for some hE I

= p2 - 1 = (6k + 1)" - 1

= 36 h
2

# 12h + 1 -

1

= 36h
+

12 k

≡ 12 kt12 t
mod2 d

≡ 12 h (hti) nod 2 d

↳ a let ar consecutive integers
so one is odd and one is even

evenX odd-even .

So n (h+ 1) = 2 m for some neL

i. e. p2 -1 = 12hx2m nod 24

=2RnH -modIR

≡ O mod 2 θ



ii) From Fermat's little Theorem ,
we know that

got = /modp wher a is not amultiple of p.

-28" = /modp for pf2.

20
-

= 2
(0-)(o + "

= (
0
머

)
에

≡ d jotl modp

≡ I mod p .

iii) pl = /mod by FLT

③ go-E lmod p by
FLT

Addinggpt to both sidesof Af gives
:

pa + got = /mode since qpt = Omoda

Similarly qp" + pl = /mod p

Now ,
since hey (p19) = 1 Since they're both

distinct primes

pa- + qp
-

= 1modpq

******
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