
Invariant Points 
and Lines
Worked Solutions
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1 Find the equation of the line of invariant points under the transformation given by the matrix

M = (−1 −1
2 2 ). [3]

*

(π~ )( 5 ) = ( : )

y
=-2x

- x -

y
= x =⇒

2x + 2 y
=

y = > y
= -k

So y
= -ze is line of

invariant points
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2 Find the invariant line of the transformation of the x-y plane represented by the matrix 
2
4

0
1-

c .m [4]

**

(℃ - :) (品 ) =(×*)

@ 2x = X

③ +x - (mx +c) =
mX + c

sub into B :

↑ x
- (mx +c) = m(2x) + c

compare coefficients
:

3mcd⇒

(2] : 4-m = Im
=> m

=
l
3

nC- e = C => C= o

1
I usea to so y

= /13 is an invariant line

referto
constant

terms .



� The matrix M is given by 
3 4
5 5

34
5 5

 
   
 

M . 

(i) The diagram in the Printed Answer Booklet shows the unit square OABC. The image of the unit
square under the transformation represented by M is ' ' '.OA B C  Draw and clearly label ' ' '.OA B C  [3]

(ii) Find the equation of the line of invariant points of this transformation. [3] 

(iii) (a) Find the determinant of M. [1] 

(b) Describe briefly how this value relates to the transformation represented by M. [2] 
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x 
O A 

B C 

3(i) 

x
( '

" s
,s

(.
×

3
'3

,81s x (01s,
33)

(登 )( ℃ : ! ?) = ( ℃ 臨 影 )

1) (oss) ( ) = (%3
=>

¢/gy
= 8(zx => y

= 2x

- 3gx +
4 isy

= x

4(yx + 3/gy = y =s 4gy
= 4(x = c y

= 2x

So y = 20



iii)a) detM =3
ex 3 - 4/yx*

ニー 1

b) so the area remains the
same

but the orientation of
the image

has changed .
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4 (i) The matrix

(A) Show that the point

represents a transformation.

(1, 1) is invariant under this transformation. [1]

[2](B) Calculate

(C) Verify that is also invariant under the transformation represented by [1]

(ii) Part (i) may be generalised as follows.

is an invariant point under a transformation represented by the non-singular
matrix T, it is also invariant under the transformation represented by 

Starting with or otherwise, prove this result. [2] T x
y

x
y

Ê
Ë

ˆ
¯

Ê
Ë

ˆ
¯= ,

T –1.
If (x, y)

S–1.(1, 1)

S–1.

 S = Ê
Ë

ˆ
¯

-1 2
-3 4

**

i ) A) (sq ) ( ; ) =( 学☆ ) = ( : )

B) 5
=

t (s) ( 号 _ i ) = 亡 ( 号 : )

c ) ( 号号) ( ! ) =≡ ( 号 : ? ) =÷ ( 经 ) = ( : )

ii) Suppose ( , y) is an invariant point under T where

is non-singular

twen T(ij) = (g)
= T

+
+ (3) = T

=

(3) since T is non-singular

T" exists

I (g ) = で( g)

=> 5 ( ig) = ·(3) , since =( ig) = y



5. 

A =
− −

−

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1
2

3
2

3
2

1
2

(a) Describe fully the single geometrical transformation U represented by the matrix A.
(3)

The transformation V, represented by the 2 × 2 matrix B, is a reflection in the line y = –x

(b) Write down the matrix B.
(1)

Given that U followed by V is the transformation T, which is represented by the matrix C,

(c) find the matrix C.
(2)

(d) Show that there is a real number k for which the point (1, k) is invariant under T.
(4) 
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al cosO-sinG COst= -12(
SinG cost

'
=C = 1200 or 240

Since cos(360-0) = cost

Single => 8 = =600 on 1200

Since sin (180-0) = Sinf

So A represents a rotatio 1200 anticlockwise about

the origin.

6) From formula booklet
:

eflection in line yotx : ( )

so B =
0 - 1( '
- ℃



C) order matters.

since its Ufollowed by V, we do BXA

c =BA = (:) (蒼
に )

- 1'
2

= (「
많

많이

)

() (: = ( : )
一← 2 = 1 =⇒ k = 2+3

"
2 +

B
2 h = h =→② -B) |K = I

n = 1 ×
望

2 一号 27 B

T 工器 2 +B

So h = 2 +
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6

a) detM = 4 (-7) - (-5)(2)

= -28 + 10 = - 18

- 18 fo so matrix M is non-singular

b) Area of Rx
IdetMl = Area of

S

Ara of
R X 18 = 63

Ara of
a =3

= E or 3 .
5 (squaeuits)

)

(学時 ) (塚 ) = (袋器器 )
= ( :않 ) =

- . (잖 )

So y = 2x is
invariant .
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7 You are given that the matrix 
2
1

1
0-

J

L
KK

N

P
OO represents a transformation T.

(a) You are given that the line with equation =y kx   is invariant under T.

Determine the value of k. [4]

(b) Determine whether the line with equation =y kx  in part (a) is a line of invariant points
under T. [1]

***

”

片川 ( 品 ) = ( 花)
D 2x thoc

= X

③ -x = kX

sub @ into o

- x = h(2x + ux)

- x= 24x + 42x

Tak coefficients of2
:

ー ) = 2 h th
2

h 2
f 2h + 1 = 0

(H+1)2= 0

k = 1

미 い ‰ ) = (役
*) = (袋)1

1 …

'

So yes ,
it is a

line of
invariant point since

each

point maps to
itself.



8. A = 
4 2
5 3

−⎛
⎝⎜

⎞
⎠⎟

The matrix A represents the linear transformation M.

Prove that, for the linear transformation M, there are no invariant lines.
(5)
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suppose thee ar invariant lines of the form y
= meets,

then ( : 쪽 ) (없다 ) (* *c )*

① (x - 2(mx +2) = Y

⑬Sx + 3 (mx +c) = mX + 2

sub into B :

3x + 3(mx +2) = m(dx -2(mx +c) + c

Take coefficients of
:

5 + 3m
= 4m - 2m2

= 2m2 - m + 5 = 0

b2 -dac =+
2

- α (2 ) (s)

= - 3 D ∠ O

So there are no real values of m that satisfy (*)

contradiction ,
thus there he no invariant lines.
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9 P, Q and T are three transformations in 2-D. 

P is a reflection in the x-axis. A is the matrix that represents P. 

(a) Write down the matrix A. [1]

1
0

J

L
KK
N

P
OO  is transformed to the point 

1
2

J

L
KK
N

P
OO. B is the 

[2]

[2]

Q is a shear in which the y-axis is invariant and the point 
matrix that represents Q.

(b) Find the matrix B.

T is P followed by Q. C is the matrix that represents T.

(c) Determine the matrix C.

L is the line whose equation is y = x.

(d) Explain whether or not L is a line of invariant points under T. [2]

An object parallelogram, M, is transformed under T  to an image parallelogram, N.

(e) Explain what the value of the determinant of C means about

• the area of N compared to the area of M,

• the orientation of N  compared to the orientation of M. [3]

***

a) = ( : 위위
" ( 김 ,

0 ) ( : ) =(:)
=s lk=2

so β= (: φ)
c) C = BA

= ( : . ) ( : 위) = ( : 은>



a) ( 2 ; ) (* ) = (花_x ) =℃ )

So yes ,
it's a line of

invariant poits.

l det (c) = ( -1 ) - 0 (2 )

ㅢ

· so ara of
N = ara of M

θ orientation of
N is the

everse of
the orientation

_

_

08 M
.



10. (i)

A =
−

⎛
⎝⎜

⎞
⎠⎟

2
4
a

a b

  where a and b are non-zero constants.

Given that the matrix A is self-inverse,

(a) determine the value of b and the possible values for a.
(5)

  The matrix A represents a linear transformation M.

Using the smaller value of a from part (a),

(b)  show that the invariant points of the linear transformation M form a line, stating
the equation of this line.

(3)
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i a) A is self inverse

=⇌ A= AT

xA) dxA
A

2
= A

^
A = I

·(a) (o ) = (
4 + a(a-4) 2a

(a-132 + b(a-p) (
-) = (vi)

( ar
- datf

皆@品) - % )
2a- 8 +ab

-4b

ar -datk =
1

Sub into 2a
tab = 6

az- fat 3 = 0
2(3) + 3b= 0

·

2 ( 1) + b= 0

@ - 3)(a- 1 ) = 0 → 6 + 3 b = 0
2 tb = 0

日 = ー 2

a= 3 or ait
=> b =

- 2

So a = 300 / and b = -2



" (름 말 ) ( ;) = ( ; )

2x +
y

= x = > y
=x

-3x-2y = Y 3y = 3x

=- y
=x

so yes
is a line of

invariant points
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11 You are given that matrix M = 
− 3 8
 2 5−

. 

(i) Prove that, for all positive integers n, Mn =
4

2 1 4
8n n 1−

 − +n n 
 . [6] 

(ii) Determine the equation of the line of invariant points of the transformation represented by the

matrix M. [3] 

It is claimed that the answer to part (ii) is also a line of invariant points of the transformation represented 
by the matrix Mn, for any positive integer n. 

[2] (iii) Explain geometrically why this claim is true.

(iv) Verify algebraically that this claim is true. [3] 

*****

i) Proof by induction

Base case :

(
- 2 ( 1 )

없.) = ( : :)品, M
'
=

1

-

ress

So the result is the for n= 1

InductiveHypothesis

Assume the result is true for
n=h

,

i .

e
.

Mn = ( \ - pn 해

)
-2n 1 +&U

Inductive Step
-

yor
MxM"

MT = MMX M

=
-

n
. 다 뜬)(

- 2 h
x



= (
ー 3 小 し 2 k - 16 k 6 -32k + 404 )
6 K - 2 - 8 n - 162 + 3 + 204

8 + h
= (治台 rn+s)
二 (筑竺 t하 'IHR + Ih

= ( ' - a (

nzen
+i)

" 8cht ) )
It fCaty

So result is also true for n = te + 1.

Since
,

theesult is tre for ne l and if it's true for it
the

it's also the for n = hel
,

we have shown by induction it's tree

for all positive integers n.

ii )

1:
:

) (;)= /; )
- 3 x+ 8 y

= x
= 7 y

=
'
2

x

- 2x +sy
=

y
= > y

= (yx

So yell is the line of
invariant points

어

iii) M is just the transformation repeatedn
times

-

and each repeat
leaves points on y=

2
invariant

·

So y
= /x must also be a line of invariant points

for M".



iv) Recall that the long way to des this (when you have the line

is to apply the
sure method as usual

,
i .

e .

1-4n(
-

n
없

. ) ( 업 ) = ( 중 )

and find that y=

1
Ins

tearyon)(i)=couna

= (“2 品

:装品 )
= ( . )

So it's the same invariant line for
all values ofa



A linear transformation T of the x-y plane has an associated matrix M, where M
k
k1

m

m
=

-

J

L
KK

N

P
OO, and m 

and k are real constants.

(a) You are given that detM 02  for all values of m.

(i) Find the range of possible values of k. [3]

(ii) What is the significance of the condition detM 02  for the transformation T? [1]

For the remainder of this question, take k 2= - .

(b) Determine whether there are any lines through the origin that are invariant lines for the
transformation T. [4]

(c) The transformation T is applied to a triangle with area 3 units2. The area of the resulting image
triangle is 15 units2.
Find the possible values of m. [3]
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12

a) i) detM = 1(1-H) - h = 12 - 1h-k >0 for
alldER

=> b2- ¢a) < 0 i. e. m2 - 41-h)(1) >0

katchCO

m(k +4)0

- RIVC O

ii) the Transformatio
T preserves

orientationof shapes
.

미 ( ! 없 ]() = (mx)
① Xx - 2 (mx) = X

③x + (x +2)mx = mX

sub @ into $ : x +( + 2) mx =
m (1(xc - 2mx)

EC] : 1 + (+2)m = 1m - 2m2

=> 1 + 1m + 2m = 1m - 2m2 = > 2m2 + 2m + 1 = 0



b2-dac =
22- 2x4

-40

So noeal roots for
m

-no invariant lives
exist .

c) 3 xddet ml = 1 s

3 × 112 + 21 +21
= 15

since
det M > 0

3x)12 + 2x +2) = 15

for
all values of

λ

-4ck0
λ2

+ 2 d + 2
= 5 r

λ2+ 2d-3 = 0

( A + 3) ( d - () = 0

d = -3 or d = 1



13. M !
"#

$
%

&

'
(

2 5
6 k

 where k is a constant.

Given that

M2 + 11M = aI

 where a is a constant and I is the 2 × 2 identity matrix,

(a) (i) determine the value of a

(ii) show that  k = –9
(3)

(b) Determine the equations of the invariant lines of the transformation represented
by M.

(6)

(c) State	which,	if	any,	of	the	lines	identified	in	(b)	consist	of	fixed	points,	giving	a
reason for your answer.

(1) 
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a) n (店 )(℃ ) + " ( ;℃) = a(: )

(説品唱品 )+
“

店 ) = (82 )

(最2 +
oms臨 ~+ um) = ( 8 @)

(2 = a

ii) 54 + Sk = 0

=> 6 h =
- Sd

k = - θ



미( 장 - :
! ( 다. ) = ( ax** .

)

θ - 2x + j(mx + c) = X

⑬ Gx -P(mx+c) = mX +a

sub A into B :

6x - 4(mx + c) = m(- 2x + s(mx +c) + a

(x] : 1 - dm =
- 2m + Sm2 [n] :

- * c = 5mc + (

= - 102
= Smc

3m2 +7m - 6 = 0

- 2 c = mc

(Sm - 3)(m + 2) = 0

m
= 31g or m

=
-2 {

if m = - 2
,

- 2c = -2a

= C is any
real number

if m
=bs-2c = 31s &

= > C = O

so y
: 3/gx & y

=
-2x +c

, where CER are the invariant lines .

-214tSy=c ==> y =
333,

”

(℃
\

( ; ) =( ";)== fx - Ty = y =>
y

= 3/gx

So ye3 is also a line of
invariant points

So it must contain fixed points .
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A transformation T of the plane is represented by the matrix k
k

 M 1
1 1=

J + -

L
KK

N

P
OO, where k is a 

constant.

Show that, for all values of k, T has no invariant lines through the origin. [6]

*****

14

suppose thee are invariant lives through the origin ,
i . e .

1 n

品 ) = (*) for
s one

MER

( a + -

り (
@ ( ) x - mx

= X

C xtthmx
= mX

Sub into B :

x +hmx = m((n +1)x
-mx)

(2] : 1 + km
= m(n + 1) - mh

I thay = tkgtm-

㎡

m
2

- mt ( = 0

b
2

- dac = [)
~

- & ( 6 ) =
- 3 co

om .

So no real roofs of

Contradiction ,

Thus there are no invariant lines.
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1The matrix A is given by A = 13
5

12
12
5-

J

L
KK

N

P
OO.

You are given that A represents the transformation T  which is a reflection in a certain straight line. 
You are also given that this straight line, the mirror line, passes through the origin, O.

(a) Explain why there must be a line of invariant points for T. State the geometric significance of
this line. [2]

(b) By considering the line of invariant points for T, determine the equation of the mirror line.
Give your answer in the form y = mx + c. [4]

The coordinates of the point P are (1, 5).

[3]
(c) By considering the image of P under the transformation T, or otherwise, determine the

coordinates of the point on the mirror line which is closest to P.

(d) The line with equation y = ax + 2 is an invariant line for T.

Determine the value of a. [2]

******

15

a)
y “ There must be a line of

invariant

mirror line
ー

“
points because every point or the

onif rอ line
, following a reflection

_
-

“ 3
, &mains invariant

.

〈

.
(xi,g')

The significance of the mirror line is

(29. g)

that it must itself be a line of

invarian points.

미 김 ( : > ) ( 임 ) = ( ; )

is(5x + 12y) = x = 3x + 12y = Bx =

y
= 233

Es (12x -Sy)
= y

=> 12x -Sy = By
= 7 y

=23

So y
= B is the line of invariant points



x 新 (辞 ;) ( ;)= ( 器)
y

=2/z
= ( 法 )

∞
! 1

,
5)

Cmirror line)

· M

(

S,- 1)

>
m = (崎 , 誓 ) = (3,

~)

9)Method1 : (Fastest)

Invariant lines must be perpendicular

to the mirror line
because

they need toeflect
back on to

y
=2/z

Cmirror line) themselves .

So by simple coordinate geometry
>

rules. a =
- 312

y=axt 2

Method2 : (Almost identical to method 3)

5)x + 12(ax+2)

各 ; )( 燕) =方1 ( 122x - 3(ax+2) )
is this

is X

-

(i
3+2a)x +zys

then this must
←

금 x (2 -5a) -응
)

beaX + 2

ire . a ( 方 ( s + iza) x + 背 ) + 2 = 話 x ( 1 n -sa ) 一号



We either check coefficients of ,
or the constants.

Since we know the invariant live
exists ,

we can just pich

the easier option (the
constants) :

a+ 2 =- 10
T3

2 ka t 26 = - 10

20a = -36 = 7 a=
- 32

&
Method3 : (classic metrod)

)
X

高 ( ℃ 号) (花品 = (ax + i 1

① : is (sx + 12ax + 2x) = X

⑨ is 12x - S(ac +2)) =
aX + 2

Sub into B : and compare coefficients

ー
…

…

a =

-312
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16 The 2 # 2 matrix A represents a transformation T which has the following properties.

• The image of the point (0, 1) is the point (3, 4).

• An object shape whose area is 7 is transformed to an image shape whose area is 35.

• T has a line of invariant points.

[8](i) Find a possible matrix for A.

The transformation S is represented by the matrix B where B
3
2

1
2= f .p

[2](ii) Find the equation of the line of invariant points of S.

(iii) Show that any line of the form y = x + c is an invariant line of S. [3]

******

i)
。 ( . q ) ( ; ) =( ℃ )

昆
so a = (i)

· Now,letAl

=- 4a - 3 = 15

。 ( : ) ( ;) = ( ; )
ax + 3y = x = (a-Dx + 3y = 0

(x +(y = y => (x + 3y
= 0

Soa-1 = C

since questions
asks tofind a possible matix of A

,
we can take Na-b = >

subbing C =-l into 4a-3c = 5 gives :

(a - 3(a- 1) = 5

a f 3 = S
So A = (
㎥ 'θ

a = 2 = > C = 디



" (: : ) ( : ) = ( : )
3x +y

= x = > y
=

-2

2xt 2
y

=

y =⇒ y = - 2x

So y
= -2x is a live of invariant points ,

iii) When the live is given you don't want to
do the classic method

1 " x ) = (社0f 릴
mxc+(

because this is what you
use to find m &c ,

and takes longer.

You do the following :

리 ( 3x + x+ C

( 2 2)(
品

) = rnctzicti )
= ( 筑)
= (。)

so ( * ) = ( 筑花 c
) aad Y = Xte

see question Ja
,
7b ,

PR for similar
examples
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A transformation T  of the plane has matrix M, where 
cos
sin

cos sin
sin cosM

2
2

i
i

i i
ii

=
-
+

J

L
KK

N

P
OO.

(a) Show that T leaves areas unchanged for all values of i. [2]

(b) Find the value of i, where i 2
1 0 1 1 ,r  for which the y-axis is an invariant line of T. [4]

The matrix N is 
1 2
0 1

J

L
KK
N

P
OO.

[2](c) (i) Find MN-1.

(ii) Hence describe fully a sequence of two transformations of the plane that is equivalent
to T. [4]

******

17

a) det M = cost (2 sinO + COSE) - Lacost-sinG) sing

= 2costsinG +costE - 2costsint + Sin
*
O

= cos2o + sin2E

≡ 1

det M represents the area scale factor .

So the aras must

be unchanged .

미 cosθ 2 cosθ

( Sinf 2
sna-.) ( 위1위

(IcoSE-sinE)y = 0 for ally

So 2coSE- SinG
= 0

= <COSE = SinE

: cost(
,

It cose

tano = 2
E = arctan (2) = 1 . 11 radians



ci) N" = (' , il by
calculation of determinant

and so on.

MN+= (cososincs
- 2c0S8 + 2cos0-Sinf

= ( - Isin8 + 2 sin G + 20SE]
=

CoSθ - sinf

1 sinf CoS θ ㅣ
ii) let A = MN

-

MN" = A

MN"N = AN

M = AN

So T is the transformation represented by N

followed by the transformation
represented by A

i. e. a shear withaxis
invariant mapping (0 , 1) to

(2 ,
1) followed by a rotation anticlockwise through

- ,
about the origin .




