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Convergent infinite series C and S are defined by

C:l+%cos€+%cos29+écos39+ AU

S = %sin9+%sin29+ésin39+...

2

4—-2cos0

(i) Hence show that C = ————— and find a similar expression for S. [4]
5-4cos@
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(a) The infinite series C and S are defined as follows.

C :—lcos9+lcos26—lcos39+

2 4 8

S :—lsin9+lsin29—lsin30+

2 4 8
By considering C +1S', show that

§= —2sinf
5+4cos6 -’

Find a corresponding expression for C.

9]
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3 (a) The infinite series C and S are defined as follows.
C=1+acosO+a*cos20+...,
S=asinO+a*sin20+a’sin360+ ...,
where a is a real number and | a | < 1.

1 — acosfd
1 +a?—2acosf

By considering C + i .S, show that C = and find a corresponding expression for S.

8]
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4. The infinite series C and S are defined by

1 1 1
C =cosf + Ecos50+ ZC0890+ gcos136+

1 1
S =sinf + Esin50+ Zsin90+ gsinl30+

Given that the series C and S are both convergent,

(a) show that

2ei0

C+i822_e4i0

(b) Hence show that

B 4sin @ + 2sin 360
 5—4cos40
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The integrals C and S are defined by

37 2"
C= J e cos 3x dx and S = J e sin 3x dx.
0

By considering C + iS as a single integral, show that
1
C= —E(2 + 3e”),
and obtain a similar expression for S. [8]

(You may assume that the standard result for J ¢™ dx remains true when k is a complex constant, so
1 gla+ib)x

that J elaHib)x gy — -
a+ib

Ly
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(b)
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(i) Show that (1 —2¢%)(1 = 2¢71%) = 5 -4 cos 6. (3]
Series C and S are defined by

C=2cosO+4cos260 +8cos30+ ... +2"cosnb,
S=2sin0+4sin20 +8sin30 + ... + 2" sinno.
2cos 0 —4 2" cos(n+1)6 + 2"*% cos nd

(ii) Show that C = 521 5 , and find a similar expression
—4cos
for S. [9]

Ly
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7 (b) Let

(2n—2)7r)

C:cose+cos(9+2n—n)+cos(9+47n)+...+cos(9+ p

0.+ (2n—2)7r),

and S:sin6+sin(6+2n—n)+sin(6+47ﬂ)+...+sin( P

where 7 is an integer greater than 1.

By considering C +1S, show that C =0 and S = 0. [71
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Infinite series C and S are defined by

(iii) Show that C =

C = cosZ@—%cos 59+%cos 89—%005 116+ ...,

S = sinZG—%sin 59+%sin 89—%sin 116+ ...

4c0s20+2cos 6

5+ 4.cos 30 ,and find a similar expression for S.

[8]

Kk
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9. (a) Given that ‘z‘ < 1, write down the sum of the infinite series

l+z+22+234+ ...

1
(b) Given that z = 5 (cos@ +isinh),

(1) use the answer to part (a), and de Moivre’s theorem or otherwise, to prove that

1 1 1 . 2sin6
—sinf+ —sin20+ —sin30+... = ———
2 4 8 5 —4cos6

(i1) show that the sum of the infinite series 1 +z +z>+ 23+ ... cannot be purely
imaginary, giving a reason for your answer.

(1)

C))

2

*%
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10 (a) Find 3— ezie) 3—- e_zie) in terms of cos26.
(b) Hence show that the sum of the infinite series

. 1. 1. 1 .
sm9+§s1n36+§sm59+ﬁsm70+...
6sin@

can be expressed as 5 300s70"

2]

[6]

*%
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11 The complex number z is defined as z = gele where 0 <0 < 37.

On an Argand diagram, the point O represents the complex number 0, and the points

P, P,, P., ... represent the complex numbers z, 22, 2%, ... respectively.

(a) Write down each of the following.
(i) The ratio of the lengths OP _,:OP, [1]
(ii) The angle P, OP [1]

(b) (i) Show that 3—e))(3—¢ %) = a+bcos6, where a and b are integers to be determined.
2]

(ii) By considering the sum to infinity of the series z+z>+z° + ..., show that

1. 1. 1 _ 3sinf
38in0+5sin20+ 57sin360+ ... = 10—6c0s0" [6]
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12 (a) Show that(2—e'®)(2—e %) = 5—4cos6.

Series C and § are defined by

_1 1 1 1
Cc= 2c:056+ 400529+ 800536+...+ 2ncosne,

5 PR DR I 1
S= 2sm9+4sm29+8s1n36+...+2,,smn9.

2"(2cosO0—1)—2cos(n+1)0+cosnb

b) Show that C =
(b) Show tha 2"(5—4cos0)

[3]

9]
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13  (a) (i) Show that
1+ el = 2cosO(cosH +isind) .

(ii) The series C and S are defined as follows.

C=1+ [’Z]cos29+ [;]00s49+ ...+ cos2nb
S = [1]s1n29+ [2]51n49+ ...+ sin2n6

By considering C + 1S, show that
C=2"cos"Ocosnb,

and find a corresponding expression for S.

2]

(7]

*k%
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14 (a) (i) Express 2 sin%@(sin%@—i cos%G) in terms of z where z = cos 6+ isin6.

(ii) The series C and S are defined as follows.

n n u(n
C= 1—<1>c059+<2>cos20—...+(—1) <n>cosn0

__(n\ . n .. _a(n\
S= <1>sm9+<2>sm26 (1) <n>smn9
Show that

C+iS = {—2isin%9<cos%6+isin%G)}n.
Hence show that, for even values of n,

% = cot(%n@).

fkdd

[3]

8]
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15 Let S =e®+e20 430 4 4 o106
() (a) Show that, for 6 # 2n7 , where n is an integer,
e%ie(eloie _ 1)
S§=—+—_ -7

2i sin(%e)

(b) State the value of S for 6 = 2n7z , where 7 is an integer.

(ii) Hence show that, for 6 # 2n7 , where 7 is an integer,

sin(%e)
cosO + cos20 +cos360+ ... + cos1060 = ——~ —

1
2sin<%9> 2

Tk

[4]

(1]

[3]

(iii) Hence show that 6 = ﬁﬂ is a root of cos6 + cos20 + cos360 + ... + cos 100 = 0 and find another

root in the interval 0 < 6 < %7[.

[4]
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16 LetC= Z cosr6. Show that C = 2% cos® (—;6’) cos106. [8]
r=0\ ¥
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17 (i) Show that,ifz#+1and z # 0,

T
P IE 121
r=1 z —z
(ii) Hence show that, if sin6 # 0,
n 2 2
) _ sin“n6
; sin(2r—1)6 = “Sng [6]
(iii) Hence find the exact value of
1o .
JG sin"30 49 3]
o sind
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18 Series C and § are defined by

C=1+ " cosO + " cos20 + " cos3 +...+ " cosno,
1 2 3 n

S= (n)sin9+ (n)sin29+ (njsinS +...+ (njsinne.
1 2 3 n

S
(ii) Find C and S, and show that C = tan %n@.

E R

[7]





