
Sums of Complex Numbers
Worked Solutions
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Convergent infinite series C and S are defined by

C = 1 + 1
2 cos θ + 1

4 cos 2θ + 1
8 cos 3θ + . . . ,

S = 1
2 sin θ + 1

4 sin 2θ + 1
8 sin 3θ + . . . .

(i) Show that C + iS = 2

2 − eiθ
. [4]

(ii) Hence show that C = 4 − 2 cos θ

5 − 4 cos θ
, and find a similar expression for S. [4]

H

a C+is = 1 + [ (cost + isint) + &(20 + isnte) + ---
-

=
It teet3

= Ke∞ ×
를 ( s.= ;. )

=‰

b) Ctis =
℃
×
- io

= 4-rei-ze
= θ

-2 (e ^ te -
io) -

o) -o)

CoS (- O ) = cOS (O )

← {
sin (-o ) = - Sin ( θ )= θ - 2 c0s 2(

2 cos θ) C ce derruationof this
P . T.0 On next page .

*

1



-

: ( = Re (Ctis) = Acoso
8 S = Im ( ctis ) = coso

· io-if - coso + isinf + cos-o + isin-

= cost is inf
coso-isinf since cos(-f) =cost

and Sin(-E) = -Sinf

= ccosθ

*



2 (a) The infinite series C and S are defined as follows.

…cos cos cosC 2
1

4
1 2 8

1 3i i i=- + - +

sin sin sinS 2
1

4
1 2 8

1 3 …i i i=- + - +

By considering C + S , show that

cos
sinS 5 4

2
i
i=

+
- .

Find a corresponding expression for C. [9]

i

ㅃ

Ctis =
- Ʃ (cosotssinθ ) 十 ( cos20tisin2 θ) + …

= { e+能
2 ℃ 一言 e 3℃+ …

= ‰x 会
a

= r = rei
θ

Sa = ,
= eiox 2
-e
-
to

=2Cete)
eiofe

-io

=>COsE + isinG +cOs(E) + isie (-t)

= cosO + isSG + cosQ-1/rf
= -

200
ACos θ

= 2cosθ

?‰

*
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3 (a) The infinite series C and S are defined as follows.

C = 1 + a cos θ + a2 cos 2θ + …,

S = a sin θ + a2 sin 2θ + a3 sin 3θ + …,

where a is a real number and ! a ! < 1.

By considering C + S, show that C = 1 + 
1
a
−
2 
  
−
a
 2
 cos 
a
θ

 cos θ  and find a corresponding expression for S.
[8]

i

⑭

C +is = 1 + a (cost + isinE) + a"(cos2 + isin2t) + ---

-I +aeif +a2e2i0 + --- .

=Facio t = . )

=eiox 1e-i
=-aCetotei
= I - a (ose

- a ( zcoso )

cosfE)= cost

= l-acosf + a isino

Sin(-8) = -SinG
_

I ta
-
2 a cos θ

*



C = Re (ctis) =

I -acos
θtaz-
2

S = In(Ctis) = asicoso

*



4. The infinite series C and S are defined by

C = cos ș + 
1

2
cos 5ș + 

1

4
cos 9ș + 

1

8
cos 13ș + …

S = sin ș + 
1

2
sin 5ș + 

1

4
sin 9ș + 

1

8
sin 13ș + …

Given that the series C and S are both convergent,

(a) show that

C + iS = 
i

4i

2e

2 e

θ

θ−
(4)

(b) Hence show that

S = 
4sin 2sin3

5 4cos4

θ θ
θ

+
−

(4)
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a C+ is = costtising (0258 + isinso)+ (cos PotisinPO) +.. -

= gitSitPi
B..

= 빛eaθ× 를 ( s. = . )

= dio
b) ctis =er×2-

ee-di
=
de

-(

edrote
- dio)

*



=
dcoso +Kisin θ-2 cos- 3 θ ) -

Zisin- 2 (2coso

since sin (-3t)
= dcosotdisin θ-2COs 3θ+

20cosRo - Sin (30)

& cos(-30) = cos(30)

S = Im (C + iS)

= Rsin θ-
dcosto



The integrals C and S are defined by

C = ! 1
2π

0
e2x cos 3x dx and S = ! 1

2π

0
e2x sin 3x dx.

By considering C + iS as a single integral, show that
C = − 113(2 + 3eπ),

and obtain a similar expression for S. [8]

(You may assume that the standard result for ! ekx dx remains true when k is a complex constant, so
that ! e(a+ib)x dx = 1

a + ibe(a+ib)x.)
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(*)

Ctis = S
.

"
" ez 'cos ( sx)doct of.

"

" "

e
"esin lbeldss

=(iYcos(3x) + jesin()]e es

= 0
そ

" eze( coslsseI t osin (se)) dss

={
。

'"

eze esise dos

=(2bi de

= etsie ]
。

" "

(byx)

- : [etsip]

**
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= 家 ( ecsi) *
"

-

e
* si ) o)

=(e_ 1 )

=( e'e 'ni- 1 )

= ( e ”Ccos'n )+ isin” ) ーコ )

=t : (e"(-i) - 1)

= (-e *-1) by rationalising

= [be+i(-ze

C = Re ( ctis ) = 一躍
”

= 話 (3e^+ 2)

S = In (ctis) =

躍
”

**
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(b) (i) Show that (1 − 2e θ)(1 − 2e− θ) = 5 − 4 cos θ. [3]

Series C and S are defined by

C = 2 cos θ + 4 cos 2θ + 8 cos 3θ + . . . + 2n cos nθ ,

S = 2 sin θ + 4 sin 2θ + 8 sin 3θ + . . . + 2n sin nθ .

(ii) Show that C = 2 cos θ − 4 − 2n+1 cos(n + 1)θ + 2n+2 cos nθ

5 − 4 cos θ
for S.

, and find a similar expression

[9]

ii

*2

&
if

+ delit, zesi0 +.... + 2veint

:) (1 - ce
:0) (1 - (e it) = 1 + 4 - 2(e

**
+ e

- "* )

= 3-c (cost + isinf + cost) + isinte)

= S-2 (cosetisinG tose-isint)

= S - 2 (2cosO)

= S-FcoSO

ii) C+iS = ((cost + isinE) + 1 (cos2E + isin 20) + .
.. - +

2
^

(cosnf tisinn θ
)

-> 2eio + Rezio +... + 2 eine

= ze
σ (

zeo =器)

**
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-②

= Ze
℃- 2

t

"eilutDo ,
e

- to

I-zeit

= Ze
℃- 2

' eiCate . ft 2t" eint

5-420sE
<-

from (i)

2(osE + isinE) - 2
**

(cos+10 + isin (1+10) - 4 + 24
* (cosno + isinnt)

=

5-RcosO

C = Re(( + is) = Cost-2
*

CoSCutIE-4-2
**
cosnt

S - &cos

S = Im (2 + i)) = 2sin8-2
**

sin(n + 18 + 242 sinnt

S-1COSO

**
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7 (b) Let

C = cos θ + cos(θ + 2π

n
) + cos(θ + 4π

n
) + . . . + cos(θ + (2n − 2)π

n
),

and S = sin θ + sin(θ + 2π

n
) + sin(θ + 4π

n
) + . . . + sin(θ + (2n − 2)π

n
),

where n is an integer greater than 1.

By considering C + S, show that C = 0 and S = 0. [7]i

2*

6) ( + is = 20s0 + isino + cos¢+) + isin(+ ) + .
. -

. +

cos (σ+) tisin( o+ )

= eot eilat
) t -
-
teitot )

= e*(
Need to count how many

:ไterms from 0
,

2
,
4
.. -- (n-2)

same as 0
,

1, 2, .. -.,
n - 1

= e( ) soterms in total
.

= eofc - coCartiseit"
=

路 =

(” = 0

C = Re(c + is) = 0

& S = In (C + is) = 8

**
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8 Infinite series C and S are defined by

and find a similar expression for S. [8](iii) Show that C !
4 cos 2q "2 cos q,5"4 cos 3q

1
2

1
4

1
8

C ! cos 2q #  cos 5q "   cos 8q #  cos 11q " ...  ,

S ! sin 2q #  sin 5q "   sin 8q #  sin 11q " ...  .

1
2

1
4

1
8

2 *

Ctis =CoS2 θ tisin2θ -S θtisinsθ )+ 8ftisin8θ) t …

= e
2 -

iesio
+*

e8 ℃
- -…

2i θ

a
= e二 esit vertesio

So=i

二 35明 × 2-si

= d ezioCesiotet
^

o )

= Acos 2θ + Hisin 2σ + 2 cos t- o ) +2

a
cos 3o

= kcos2 f tdosin2 θ + 2cost-

zisitacosso「
costE) = cost

sin >- ) = -Sin
·

**



C = Re (Ctos)= $Coicoso

S = Im ( ctis) = $

ecos
θ

**



9. (a) Given that  | z | < 1 ,  write down the sum of the infinite series

1 + z + z2 + z3 + …
(1)

(b) Given that  z = 
1

2
(cos θ + i sin θ) ,

(i) use the answer to part (a), and de Moivre’s theorem or otherwise, to prove that

1

2
sin θ + 

1

4
sin 2θ + 

1

8
sin 3θ + …  = 

2sin

5 4cos

θ
θ−

(5)

(ii) show that the sum of the infinite series  1 + z + z2 + z3 + …  cannot be purely
imaginary, giving a reason for your answer.

(2) 
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a) IHE +E+ E
3

t - -
=σ (ss = q )

b let ( + is = 1 + z + z2 + z3+...

= 1 t 亡 ( cosotisinθ ) t 方 (cos 2θ tosin 2θ) + …

= It def + del +....

= 六ieio " by ax

= er×
= r - 2e

+0

-

5 - 2(e
*
te-io)

**



ミ
-

感品
。

「

cos(-b) = cOSt

&SintE) = -SinG

: Im ( ctis) = isinθ t 方 sin 20 + 話 sin 30

=

8-dcos
c )Re(Ctis )

=coso
4- 2 cost 32 for

all values ofo Sincecost

so 4-21030 70 => Re(( + is) +0

=> It z + z? + ...
is not purely

imaginary.

**
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(a) Find ( )3 3- -e e
2 2i ii i
( )

-   in terms of cos2i. [2]

(b) Hence show that the sum of the infinite series

…si
3

1
n sin3i i+ +

9

1
si

1
n sin5

27
+i 7 +i

can be expressed as
cos

sin 
5 3 2

6

i
i

-
. [6]

2*

9) (3 - e28)(3 - e
-xt) = 10 - 3(e2it + e

-2it)

=10- 3 (220320)

= 10-6coS2E

b) let C = coset } C 0

s30tf Coss θ+ . …

& S = sinf + ysin3E +&
sinSet ...

C +iS = cOse + isinO +] (cosSe + isin 30) +
--- .

= eotB e 300tdesitt --

=io (so=E

二

ezio× 3
一 e-o

-iobe frtal

**
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=
Post +MisinG-3costf) - Sisin(-E)

10 - GcOS2O

= PLOSE-3c0s8 + PisinG + isinG

10-JcoS 28
cos -θ)( = Cos θ

s in (-0) = - Sin E

= GCOS

θGCOS 2θ
=

33
c 0s 20

"

S = Im (Ctis) = 3coszo ロ

**



The complex number z  is defined as z e
3

1 i= i  where r.0
2

11 1i

On an Argand diagram, the point O represents the complex number 0, and the points 
P
1
, P

2
, P

3
, … represent the complex numbers z , z2 , z3 , … respectively.

(a) Write down each of the following.

(i) The ratio of the lengths :OP OPn n1+ [1]

(ii) The angle P OPn n1+ [1]

(b) (i) Show that ( ) ( ) cosa b3 3e e
i i i- - = +i i- , where a  and b are integers to be determined.

[2]

(ii) By considering the sum to infinity of the series z z z2 3+ + + …, show that

sin sin sin2 3
3

1

9

1

27

1i i i+ + + …
cos

sin

10 6

3

i
i=

-
. [6]
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*2

i) 1001 = 5 Since magnitude of
we'r is r

IOPril =)" 100 1 = (5)

so loPutil : 1 on 1 = ( ): ③ )
”

= 話 : 1 = に 3

i) < Pn
,
0Pn = arg(P-n) - arg(P. )

aug(reit) = E

= (t) θ - n θ

by definition ,

= θ

bi) (3 - e
+t)(3 - e

+z) = a + 1 - 3(ei * +e
-t)

= 10 - 3(2c0s0)

= 10-Gcost a= 10
,
b=-6

**
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ii) Z + E
2
+- - = 世) ( sa = 岩 )

Now let C= cost+ los20+ 103+ --

& S = 話 55 へσ+ 方 sin 20 + sin 30+ -、

Ctos = 話 (cosGtisinθ) t 方 (cos 2otisinZθ ) 」

= E + E
2
+ Z

3
+ . wher z= (osO +isinG)

=

화붙∞× ] δ 3 * )

× 一筒
。s0

<
a, (

i)

= 3006
cose

So Ising +' p sin 20 +... = Im (C +is)

= cos θ □

**
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12 (a) Show that ( )2 2- -e e
-i ii i

( ) = -5 4cos i . [3]

Series C and S are defined by

cos osc osccos n2
8

1
3

1+f+i
2
n ,i

2

1= +
4

1
i iC +

sin ins sin ins2=
2

1

4

1
i i+ +S n

8

1
3

1+i f+
2
n i .

(b) Show that
)(

)( ( )

cos

osccos + cos
 C n n

2 5-4

2 2 -2-1 +1
n

n

i

i i i
= . [9]

2*

a) (2-
e^℃ )(2eto ) = λ t 1 - 2

(e
^te

-o )

= 5-2 (cost +isino + costo) +isin (-t)

= 5-2 (cost +isinOtcost -isint)

= 5 - 2 ( 2 cosσ )

= 5-4c0S8

5) C+is = +(osOisin) + (os2 + isin20) +---

-t (cosno +isinnE)

= eo + e
2 o t

-- …

+µ e
^ne

= 늘 ( 1 -잖
e
.

s .=
)

**



=

e ô
)
会

-

if

= e℃ *
政

- iθ

2 - e

= e (
2 ^ -e ^^

*) (2 - c

- ^℃ )
by factoring out ,

I

S- 4c0S8

= e
( In *-

2 einθ -2et eiCa
-Do )

2" (3-4cosE)

= 2
"

eto-

Le "
Cat-(

s
-acoso )

^

-
2

*

(coso + isint) - 2 (COSCE + isin(nte) - 2 +cosnE + isiat

2"(5-PcoSE)

C = Re(c + iS)

=
2

T'
cOS θ - ZcS (^Cs-

dcoso"
σ

=(" (2c0s8 -1) - 2 coscutis + cosnt

2 (S-4cOSO) □
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13 (a) (i) Show that

[2]1 + e 2i = 2cosi (cosi+ sini) .

(ii) The series C and S are defined as follows.

cos cosC n n
= 1 +

1
2i +

2
4i + f + cos2ni

J
KK
L

J
KK
L

N

P
OO

N

P
OO

n
S =         

1
sin2i +

J

L
KK
N

P
OO

n
2

J

L
  KK
N

P
OOsin4i   +f + sin2ni

By considering C + S , show that

C 2
n
cos

ni cosn= i ,

and find a corresponding expression for S. [7]

i

ii

3X

i I te
*

= 1 + cOS2E + isinzE

= I + 2cost-1 + Zisin O Cost

= zcost + Lisint Cost

- zcosO (LOsE + is int)

ii) < + is = 1 + (i) (cos + isinit) + (2) (cosPO + isinto) +---

+ (2) ( cos zao tssin 2 nθ)

= ( t ( ; )
e 2 :

o + ( ? )
eot

- +(2 ) eznio

=(+ enj by Binomial Theorem

= [COS θ ( cOS θ tosinθ i)
^

= ("cos'o (cosno + isinnE) by De Moirre's Theorem

= 2"cos' cosno + 2"i costSin no

***



C = Re(C+ is) = 2"cOSO cosn't

S = Im(( +iS) = 2"cosos in no
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14 (a) (i) Express 2 sin cos
2

1

2

1

2

1iasin i- ik  in terms of z where z = cosi+ sini . [3]

(ii) The series C and S are defined as follows.

cos cos cosC n n n
n n

1 2
2 i= 1- c m i+ c m i-f+ ^-1hnc m

sin sinS n n n
n n

1 2
i=-c m i+ c msin2i-f+ ^-1hnc m

cos sin
n

2

1

2

1

2

1i+ia ik/ .

Show that

C+ S = %-2 sin

Hence show that, for even values of n,

S
C

2

1= cota nik. [8]

i i i

i i

&*

ail Isinto (sinz0-icosto)

=> Isin'8 -Zisinto costo cos28 = 1-2sin"E

COSE = 1 - 2sini θ

= I-COSO-isinE
=2 1-cosθ= 2sin

㎡{ θ

Sin 28 = I sinOost
= 1- (coso + isinE)

=Sing = 2 sin (องส
= 1 - z

ii) ( +is =

1 - (Y) (cost +isino) + (2) (0s20 +isin(e) +...

+ (-1)
"

(h) (cosnE + isirnt)

= ( - (9 )
eo
t (Z ) eziot- - . + E

)

"
ent

= C - eio )
"

= ( 1 - Z )
"

****



= ( 2 si^℃ (sini℃ - ccosi ))
~

by i⑪

= ( - z^ sin ☆ ( s ^ni ℃ - icosi ))
~

- i =1

= ( - zisin (i θ ) ( isini ℃ - ixicos'
←

I split in up
as

ixi and multiply
One of the is

in to the backets .

=

(- 2 is in ( θ ) ( cosi θ tisini θ))
^

= ( - 20)
^

sin
^ ( i θ ) (cosin θ tosinin θ)

notei = 11
ifa

is even,

if n is even

Ctis = 2
"
t
^

sin
^ / iθ) cos( no) t 2^

i
^

o si ^^( i θ) sin (iu θ)

C = Re (ctis ) = 2
"

i
^

sin (i θ ) cos( in θ )

S = Im (ctis )= 2
^

i
^

sin
^ ( i θ ) sin(そ µθ )

号 =

2 ^ o~sin ( ‰

) ! 2 i^sio( 0彡上、 o ) =
cot (i 、 o )ー



Let S e e e e
2 3 10i i i if= + + + +i i i i .

(i) (a) Show that, for 2n!i r  , where n is an integer,

2

1

sin

S
i

e e
10

2
1

i i
2
1

i
=

-i i

a
_

k
i
. [4]

(b) State the value of S for n2i r=  , where n is an integer. [1]

(ii) Hence show that, for 2n!i r  , where n is an integer,

2 3 10cos cos cos cos

sin

sin

2
2

1

2
1

2
21

fi i i i
i

i
+ + + + = -a

a
k
k

. [3]

(iii) Hence show that 11
1i r=  is a root of 2 3 10 0cos cos cos cosfi i i i+ + + + =  and find another

root in the interval 0 4
11 1i r . [4]
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1�

&*

10 i t

i)a s = eitzi03i..e

:
e←℃
ーい感 × っ心

-

"ki θ

:
-
e

-KGti
.
na-uot' saltisinf'nat

= sin
( 'zo )

Since
is in (- A)
- isin (10)

&cus(-10) = cos(120)

****



ib) if 0
= 2 ntt

zOnMi

S= 22n1iRuli t ...
t

but cos(2nH) = 1 & Sin (ii) = 0 for all
ut1 .

- - S =
I
+ I + - - - + I = 10

n whizafror

.
s
}

.
" "

ie ' iirtie ."前
nn ,,

:
"

=
- icos( 号 + sin( 当 ticosi

- sin (*

2 sin ( 2 θ )

cOSO + cos(r0l +... . + cos(100) = Re(s)

=幽(
', σ )

= sin((i σ ) 一元
iti) sin (臨

( *)一
㎡”

器)
{

Sin (17 -8) = Sin(0)

ーフ
= ”

籔遽 = 語 0



to find other roof

)

一= 0

⇒ sn (일~ (
n θ )

= 한

sin ( ±σ )= sin( " k θ)

릴별 약 릴갈야 릴별버리
I 1θ= 17

10 θ = 217

ntvalid θ

doleady ₩ 읔 n
=
_
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16 Let 
20

0r
C cos .r

r

20 
  


  Show that  20 20 1

2C  2 cos cos10 . [8] 

stX

_

let 3= (201 sin-o

Cris = ·(20 cosre + :E (20 >in r

= 옳 ( 28 )o$ rf tisinrθ)

= 않 ( 2-) eir
θ

= (1 + ei)20 by the
Binomial Theorm

It migh help to write the

terms out if you're
not

This is where the problem Sure where tuis has comeLbecomes trichy again. from

Cro = cosotisinf

COS2E = 2c098 -1

=> Cosθ = 2cos
블

- 이

Sin 20 = 2 SinOCOSE

s in θ = 2 sin 블 Cos블
ㄻ

so (1 +et)0 = (1 + 2c0s4E) -1 + 2isint cosE

= ( cos 皇 ( cositisin 眼)
) ℃

*****



= 220 coso(불) ( cos 10 f tisin ( o θ) by De Moirre's

Theorem
.

= C"cos"(E) COS100 + 2'cos2(E) sin 100

C = Re(Ctis)

= 220 cos
20

(글θ ) cos / o θ

□
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17 (i) Show that, if z !!1 and z ! 0,

1
z

z z
1- zr

n n
2 1

-1

2
=

-
-

r=
/ . [2]

1 sin2r sin2n-1
n

i
i
i=

r=
/ sin^ h . [6]

(ii) Hence show that, if si in 0! ,

(iii) Hence find the exact value of

sin
23sin i d

0

6
1

i
i

r< . [3]

S*

i) 香EIr =ZTE 3 TESt
-

a+ Z 2
u -

"

= Z (器
= EC一瓷 ×

= 1にも
i) Let z = cost is int

(+ is =前 Z
2 r

州
=“Z =

1 -to) - isi-to

=evivoi see silas

2 int

=

晶
^ p. T.0

*****



but Sit sink-t is just Im (2 + is)

ー …

sぎ
("ee cosCaA ) = - 2 sinとA)

= 2 s~
( θ이

= sinm(θJ as required
.

"vi)
f

.

" "

s없게 = .
".

sin( k-)θ) d-

=(
"
*YsinG + sin(E) + sinBo)) do

]=  -cosOr,/COS (8) -I cos (8) **
ニ …

=皇 + 荒) _(- - 話-

= 庁 (23 -63 ) o - 一
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18 Series C and S are defined by

(ii) Find C and S, and show that [7]S
C

! 1
2tan  nq.

C n nq +º+ Ê
Ën

ˆ
¯ c
n

S q +º+ Ê
Ën

ˆ
¯
n

= Ê
Ë

ˆ
¯

Ê
Ë

ˆ
¯

= Ê
Ë

ˆ
¯ + Ê

Ë
ˆ
¯

1 1 3 3+

n
1

+

n
3 3

cos cos osnq,

sin sin

q + Ê
Ë cos2

ˆ
¯
n 2q

q + Ê
Ë

ˆ
¯ sin
n
2 2q sinn .q

5*

( tis = 1 + ( ; ) ( cosetisinθ ) + ( ^

2 ) (coszotisin 20)

+ - … + ( ^ ‰ ) (cosuf tisinu θ

=

i + ( ") eo- ( 2) e 2
iot
-- + ( n ) ein

θ

= Cteay" by the
Binomial Theorem

This is where it gets trichy .

I need to write I tet as

a product of terms so I can
distribute the n

easily.

Ideal Similar to Jan 13 OCBMEI question) :

COS 28 = 2 cost-1

=> COSE 2cos-1

Sin 20E ZsinGcost

=> sinG e 2 sinGcosE

so (1 +e)" = (1 + 2cosE -1 + LisinEcos)
= ( 2 cos 블 ( Cos 블 + ts" 블 ) )

"

*****



so C + is = (os-eiE)"
= cos "불 ) ein블

= cos() (coSEO) + isin (t))

= (os (블) cos [글θ) +δ cos
"

블] sin / 물 θ)

so <- ReCCris) = ·COS () cos (=

S = In (ctis) =

cos
^(号) sin (号 θ )

是 =
(0 ^(号

)。0z((

) … ( σ/ ) =

”

…
。 )

= tar ( in @ )

门




