
Consistency of Solutions
Question Paper



1 The equations of three planes are

,
,
,

x y z
x y
x y z k

z
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4 3 7

+ + =

- - =

- + + =

where k is a constant.

(a) By considering a suitable determinant, show that the planes do not meet at a single point. [2]

(b) Given that the planes form a sheaf, determine the value of k. [4]
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·
m= !32 detM = 2(-++) - 1(21 - 0) +3(p-1)1

3 7
)

ニ - 2 - 13 t ( 5 = 0

So detM = 0

= the places don't
intersect at a unique point

5) Easiest variable to eliminate is y;

e ⑤ +⑬ : SxtE = S

⑬ 3⑬ t④ : 5x tE = 6 th

℃
-- 5 = 6 + 4

So h = - 1

**
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2 Three planes have equations

,
,
,

+x y

x y- + z =k k

2 3
- 3x y z2

2

- z = 0
0+ - =

where k is a constant.

(a) For the case k = 0, the origin lies on all three planes.

Use a determinant to explain whether there are any other points that lie on all three planes in
this case. [2]

[3]

(b) You are now given that k = 1.

(i) Show that there are no points that lie on all three planes.

(ii) Describe the geometrical arrangement of the three planes. [1]

2*

a) m = ( -
i i3)
\ - 2 "

det M = 1 ( 3 h - x) - 2(- h +2) - 3 ( 2 - 3)

= 5 L - 5

if n = 0 det M = - 5 + 0

so planes intersect
at a unique point ,

So no other point lies on
all three places .

bi) det M = 5 (1) - 3 = 0 (when h = 1)

⑦+ 2y
- 3z = 0 eliminate either x, y orz

③ -x +3y - 2z= 0 from
two pairs of equations .

② xzy + z = 1 Her, is the easiest

to eliminate
.

P .
T

.O

**



.3 You are given the matrix A where A
a
a0
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O
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(a) Find, in terms of a, the determinant of A, simplifying your answer. [2]

(b) Hence find the values of a for which A is singular. [2]

You are given the following equations which are to be solved simultaneously.

ax  + y2    = 6
  ay  + z2  = 8
x4  + y5  + z  = 16

(c) For each of the values of a found in part (b) determine whether the equations have

• a unique solution, which should be found, or

• an infinite set of solutions or

• no solution. [7]
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a) det A = a ( a
- 1 o) - 2 ( - 8)

= ar - loat l6

b) A is singular >
det A= 0

ar -10
at ( 6 = 0

(a-8)(a -z) = 0

a = 8 &- 2

1)Since defa= 0 for a = 8 and a
= 2

,
we know

thee is no unique
solution for either

set of equations

p. T. 0. .
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4 (i) Find the solution to the following simultaneous equations.
3

2 4 5 9
7 11 12 20

x y z
x y z
x y z

  
  
  

[2] 

(ii) Determine the values of p and k for which there are an infinity of solutions to the following
simultaneous equations.

3
2 4 5 9
7 11

x y z
x y z
x y pz k

  
  
  

[6]

214

” 信 ) ( 増)()

増 ) =( 話臨 に 際 )

ii) infinity of solutions

=>> > det M =0 and places form sheaf .

M = ( I' ) det M = 1(4p - 55) - 1(2p -35)

2
+ 1 ( 22 - 28)

7 11 p
= 2 p

- 26

so detM=O => P=13

D-T . 0
.

**
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5 Three planes have equations

kx+ y- z = 0
+x y z
- +x y z

2
2 3 6- = -5
3 2 5 1=

where k is a constant.

Investigate the arrangement of the planes for each of the following cases. If in either case the 
planes meet at a unique point, find the coordinates of that point.

[3]

3
2

(a) k = - 1

(b) k = [4]

2X

m = i(
3 -2 S

1
det M = K ( 15 - 12) - 1 ( 10 + ( 8 ) - 2 (- R-O )

= 3 k - 2

a) x= - 1
,
det M = - 5 * 0

So the planes meet at
a unique point

.

(2) = m
+ (3) = (j) by

calculator

so point of intersection
is (-1 ,

3
,
2)

b ) K= 213 ,
det M = 0

So places don't meet at a unique point

P-7 . 0.

**



6.

M = 
2 1 1
3 4
3 2 1

−

−















k     where k is a constant

(a) Find the values of k for which the matrix M has an inverse.
(2)

(b) Find, in terms of p, the coordinates of the point where the following planes intersect

2x  –  y  +  z = p
3x – 6y + 4z = 1
3x + 2y  –  z = 0

(5)

(c) (i) Find the value of q for which the set of simultaneous equations

2x  –  y  +  z = 1
3x – 5y + 4z = q
3x + 2y  –  z = 0

can be solved.

(ii) For this value of q, interpret the solution of the set of simultaneous equations
geometrically.

(4) 

Edexcel · A-level )urther Maths · &Rre Pure 2 · June 2019
Compiled By London Academy Of Maths | Created By Pearson Edexcel3*

a) detM = 0

⇒2 ( - n - 8 )+ , (- 3- ( 2) + 1 ( 6 - 3 h ) = 0

- 2 n - 16 - 15 + 6 -3 に =0

- SK - 25 = 0

Sh = - 2 s

π =
- 5

so
for -5

M has an inverse .

미
we are sowingmn (es) = (G)
where h = -6 for M

.

***
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7 The equations of three planes are

,
,
.

4x k+ +y z
- +x y z = l
x y+ + z

7 4
2 5

2 3 2

- =

=

Given that the planes form a sheaf, determine the values of k and l. [6]

3X

Planes form
a sheef => def M = 0

whe
m = )

- ① n 7

)1 - 2 5

2 3 [

detM = -4( -2 - 1s) - h(1 - 10) + 7(3 +4)

= 68 + AR TAD

= AHTI 17
= 0

on = 117

n=
- 13

Now we eliminate
either < , y

or 7 from
the equations :

① - 4x - 13y +7z
= 4

&×③ : &x - 8y +
2Oz = & (

⑬ x- 2 y + sE=
(

θ 2x +3y +z= 2 2x0 : 4x + Gy + 2z
= 4

⑤+ x ×③ :
- 2 ly + 2+z = & + &l

① + 2x@ : -7 y
+ α z = 8

2 × 3
43 ↳

- 2 ly + 27z = 20

So R+AL =28⇒ RC = 20 =⇒ (= 5

***
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8 Three planes have equations

+x ay
x y3+ + z

2
2 =-3
- =

x b+ +y z = c

where a, b and c are constants.

[4]

(a) In the case where the planes do not intersect at a unique point,

(i) find b in terms of a,

(ii) find the value of c for which the planes form a sheaf. [3]

(b) In the case where =b a  and c = 1, find the coordinates of the point of intersection of the
planes in terms of a. [6]

3tX

a) .) n = 일 일 우(
1 bl

)
det M = 0 Since planes

don't intersect at unique point .

= - 1(3 -b) - a(2 -1) = 0

⇒ -3 + b- -a = 0

= b= a+3

、

i"

⑩ eliminatez as it's the

eascest .

⑬
③ -8: /22 +- by = -3-

θ

so x + 3 - b)y = - 3 - is a scalar
multiple of -estag

= 2

=⇒ 2 =
- 1 (- 3 - c) since -xx

-ax

so 2 = 3+ 2 =>=-

***
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9 Matrix M is given by 
 k −1 5

2 3 3
1− 2 2


 = − 




M , where k is a constant. 

(i) Show that det 12(k= −3)M .  [2] 

(ii) Find a solution of the following simultaneous equations for which x z.

2 2 2

2 2 2

2 2 2

4 5 6
2 + 3 3 6

+ 2 2 6

x y z
x y z
x y z

+ − =

− =

− + = −
 [3] 

(iii) (2, 0, 1)(A) Verify that the point  lies on each of the following three planes.

3 5 1
2 +3 3 1
+ 2 0

x y z
x y z
x y z

+ − =
− =

− + 2 =
[1] 

(B) Describe how the three planes in part (iii) (A) are arranged in 3-D space. Give reasons for your
answer.  [4] 

(iv) MFind the values of k for which the transformation represented by  has a volume scale factor of 6.
 [3] 

3*

i) detM = n (3x2 +x() - 1(2x2 + 3x1) - 5(2x2+ 3x)

= 12 氏 - ( - 3 S

= 12n - 35

= 12 ( h -3)

i)
m ( 築 ) - (宮)
기잖이 = 매(의

***
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10 Three planes have equations

-x + 2y + z = 0
2x -  y - z = 0
x +  y = a

where a is a constant.

(i) Investigate the arrangement of the planes:

• when a = 0;

• when a =Y 0. [6]

(ii) Chris claims that the position vectors - +i j ,2 2k i+ - -j k  and i + j lie in a plane. Determine whether
or not Chris is correct. [2]

RX

. ) m = (: _ ; )
…

detM = - 1 ( 1 ) - 2( 1 ) + 1 ( 2 + 1)

=
- 1 - 2 + 3 = 0

so the places never intersect at a unique point
.

⑤
·

θ

easiest variable
to eliminate isz :

⑩ +③ : ax +
y

= o

0 : x +

y
= a

if a = o
,
these equations

are consistent and

so the places would form
a sheaf

****



11 You are given that a is a parameter which can take only real values.

The matrix A is given by aA
2
3
7

4
10 4
4

6
9
4

= - -
-J

L

K
KK

N

P

O
OO
.

(a) Find an expression for the determinant of A in terms of a. [2]

You are given the following system of equations in x, y and z.

( )
x
x
x

y
a y
y

z
z
z

2
3
7

4
10 4

4

6
9
4

6
9
11

+
- +

+

-
- +

+

=
=
=

-

The system can be written in the form 
x
y
z

A
6
9
11

= -

J

L

K
KK

J

L

K
KK

N

P

O
OO

N

P

O
OO
.

(b) (i) In the case where A is not singular, solve the given system of equations by using A 1- .
[5]

(ii) In the case where A is singular describe the configuration of the planes whose equations
are the three equations of the system. [3]
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9 det A = 2(40 - 16a - 36) -4(-12 -53) -6- 12 - 70 +28a)

= 2( & - 16 a) - & (-F5) - 6 (-82 + 28 a)

=0- 320 + 300 + &42 - 1689

= 800 - 200 a

b)
( |= (* )

( 堂 ) = A(呉 )
Need to find A : p. T. 0.

****



12.

M =
−

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

k 5 7
1 1 1
2 1 1

    where k is a constant

(a) Given that  k ≠ 4,  find, in terms of k, the inverse of the matrix M.
(4)

(b) Find, in terms of p, the coordinates of the point where the following planes intersect.

2x + 5y + 7z = 1
 x +   y +   z = p
2x +   y −   z = 2

(3)

(c) (i) Find the value of q for which the following planes intersect in a straight line.

4x + 5y + 7z = 1
 x +   y +   z = q
2x +   y −   z = 2

(ii) For this value of q, determine a vector equation for the line of intersection.
(7) 
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a) detM = n( - 1 - 1) - S(-1 - 2) +7(1 -2)

= -2 h t ( S - 7 = 8 -2h

lid . l l : : il li il

matiex of
mirors = 14I1/m I) (in

?

)

1
:

쥐 1 " : 뒤 1 : : 1

← (
λ 一 3 ㅢ

)-

一 12 - h- 1k k - 1 O

- 2 n - 7 n - s

****




