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The plane x y+ +2 4cz =   is perpendicular to the plane x c- +2 6y z = 9, where c is a constant. 
Find the value of c. [3]

)*

if the two planes are perpendicular, their
normals must

also be perpendicular.

( ?) . (() = 0 => 2 - 2 + x
= 0

옅

*

1 
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2 (1, 0, 1)− (2, 2,1) (1,1, 2)Find the cartesian equation of the plane which contains the three points ,  and . 
[5] 

2 *

A(1
,

0, - 1)

y B (2, 2 , 1)

C ( 1
, 1

,
2 )

Idea : Find AB and A (assuming they aren't parallel) .
These

rectors both lie in our place ,
so if we cross them

we can

find a vector perpendicular to both .

This will be our normal.

A=( 홀 ) =국)
々 = ( 言 ) × (* ) = ド ; ? に 1

So, 4x - 3y + z
= d

sub either A
,
B

,
C to find
d.

θ( ) - 3C0 ) - = d => d= 3

so /x-3y + z = 3 is our equation

**
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(a) Find M -1, where M
1
1
2

2
1
1

3
2
2

K= -

L-

J
K
K

N

P

O
OO
. [1]

(b) Hence find, in terms of the constant k, the point of intersection of the planes

,
,
.

x y+ 2z
+x y+ z k

x y+ + z32 19
4

-2 2

=

+- =

= [3]

(c) In this question you must show detailed reasoning.

Find the acute angle between the planes + +x y z2 3 = 19 and - +x y z+ =2 4. [4]

2ㄍ4

a) µ^= (: 語 )
" (: :

|
( 체) =( 용 )

= (줴)겨용빛) ( 힘이

= sism)1 - 3 k

So (4 - k
,
6 + 5k ,

1 - 3h) is the point of intersection.

**

3 
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4 In this question you must show detailed reasoning. 

Find the angle between the vector 3 2i j+ +k   and the plane - +x y z3 2+ = 8. [5]

㉕

we want . Using the dot product ,

剄
COSθ=b1 wherI is the

direction vector of 2 .

① If t is acute, then
a = PO-

and we have found the angle

② If t is obtuse,
then we need to

do 180-0 to find the acute angle

between the normal and
the line and

then 40-the result
to find a.

cosa
=(名= 青

&= 68. /0

e = θ O - θ = 20 . 00

**
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5 (a) Show that the vector i j+ +4 2k is parallel to the plane x y+ -2 3z = 10. [3]

(b) Determine the acute angle between the planes x y+ -2 3z = 10 and x y- - z3 3= . [4]

래

) ( 定 ) 。(} ) = 2 + 0 - 6 = 0

so (1) is perpendicular to
the normal rector of the place

= (d) is parallel to the place .

ㅲ Theory :
n,. nz

. By the dot product , costanal

If O is obtuse
,

then I do 180-8

.

"

onm to find K
,

as this will be acute .

모

브럽
「

If O is acute ,
then I'm done.

coso =

( ;)品前ts に
0 = 36

.

30

**
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6 Three planes have the following equations.

,
,
.

-x y
-x y z
-x y z

2 3 + z =-3
4 2+ = 1

-3 2 3+ = 14

[1]

[2]

(a) (i) Write the system of equations in matrix form.

(ii) Hence find the point of intersection of the planes.

(b) In this question you must show detailed reasoning.

Find the acute angle between the planes 2 3x y- + z =-3 and - +x y z4 2 = 1. [4]

ㄼ

- ∅” (雄 ) - 1 ‰)
" ( := 信 ÷ ) ( :=( 信 )

so (-1 , 2 ,
5)

b) Theory :

_

By the dot product ,
cost = v : ne

1, Ind lona

If O is obtuse
,

then I do 180-8

.

"

컵
2 to find K

,
as this will be acute .

모

브- If O is acute ,
then I'm done.

P-7.
0

**



7 The equations of two non-intersecting lines, l1 and l2,  are

: ,rl
1
2
1

2
1
2

1 m=
-

+
-
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2
2
3

1
1

4
2 n=

-
+ -

J

L
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O
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N

P

O
OO

Find the shortest distance between lines l1  and .l2  [5]
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2*

If they are show ,
we can just use the formula booklet.

First check parallel :

[홈 ) 대 (크 ) So I ,
and I are not parallel

we are told they are also non-intersecting ,
so they ar therefor shew.

“ = 信 ) < )将福 に -- ロ

∞= (차)-화없다
.
|
=1 ( 1 最

**
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 8 The lines l1 and l2 have equations 3 5 2
1 2 3
  

 


x y z  and 4 2 7
2 1 4

x  y  z 



. 

(i) Find the shortest distance between 1l and 2l . [5] 

(ii) Find a cartesian equation of the plane which contains l1 and is parallel to l2. [2]

3*

) 니 " (홀 )+ 세( 측 ) "예 )미눔 )
If the lines are

show
,

we can just use the formula booklet
.

First check parallel
:

not parables since (2) ( *)
not intersecting otherwise shortest distance

would be 0.

口 = 信) ×% に)

,0 7 =

)_ - () () _ (to
)I '
save

uer- nain.

= 1 帶路

***
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9  2 30x y z  The equation of a plane  is . 

(i) Find the acute angle between the line 
 5 3

2 3
 25

   
    
 
   

r and . [4] 

 (ii) Determine the geometrical relationship between the line
 3 1

4 1
 2  5

        
   

r  and . [4]

3 tx

i) Theory :
n we want . Using the dot product ,

虃
COSE=l wherI is the

direction vector of 2 .

① If t is acute, then
a = PO-

and we have found the angle

② If t is obtuse,
then we need to

do 180-0 to find the acute angle

between the normal and
the line and

then 40-the result
to find a.

cose=命に 落
θ= I 4d -

do

180- -0=30.60

k = 40 -30 . 60 = 59 .

48

***
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10 (a) A plane P has the equation r.
3
6
2

15
-

=

J

L

K
KK

N

P

O
OO

. C is the point (4, -5, 1).

Find the shortest distance between P and C. [3]

(b) Lines l1  and l2  have the following equations.

:

:

l

l

r

r

4
3
1

-2
4
2

5
2
4

1
- 2

1

1

2

m

n

+=
-

= +
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O
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  Find, in exact form, the distance between l1  and l2 . [5]

34

a
)

0 =

(;)㎡
= 1230 = =5

b) .0

***



11 The equation of a plane is 4 2x y+ + z = 7.
The point A has coordinates (9, 6, 1) and the point B is the reflection of A in the plane.

Find the coordinates of the point B. [6]
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Easy
.

Basic Standard

Trichy
Hlard .

vory

aAnly letM
,
be the plane : NotIy +E= 7

and ↳ the line that goes through
A.

1/, B is a reflection ofA so I must

_

be perpendicular
to the place ,

· B
Theque the rector equation of

I
,

is

by definition ,

= ( ? ) + ↑ / 을 ) the normal
rector is

just () where

To find B
, first I'll find X

.

n, x +n, y
+ nzz = d

X is the intersection of
the line and place

4 + 44

6 t 2 λ

So I sub the general position rector of
the line which is (

It λ
'

into the plane :

< (P + RX) + 2(6 + 21) + 1 + 1 = 7

21x + 44 = 7

=> 211 λ =
& 2

λ = ー 2
rl1

0 A λ = O

11=0 at A because ( % ) + o (2)= (,)

11.1 π .=-. which is the positio
rector of

A .

N =-

at X as wefound above . Ther 1
= -4

at B Since A and B must be equidistant
· B X =- 4

from
X

.

P . 1.
0

***
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12 (a) Show that the three planes with equations

-x y z

21
2x y+ + z5 11

2 2+ = -9

x+m +y 3z = -

= -

where m is a constant, meet at a unique point except for one value of m which is to be 
determined. [3]

(b) In the case m = -2, use matrices to find the point of intersection P of the planes, showing your
method clearly. [3]

The line l has equation 
z+2x-1 y

-12
1

-2=
-

= .

[2]

[4]

[3]

(c) Find a vector equation of l.

(d) Find the shortest distance between the point P and l.

(e) (i) Show that l is parallel to the plane - +x y z2 2 = -9.

(ii) Find the distance between l and the plane - +x y z2 2 = -9. [2]

3*

^

a) see consistency of solutions if you're not sure about this

det M +0 x places intersect
at a unique point

| 11 3

㎡ ( . " 최1
-2 2

detM = ( ( 2 + 10 ] - λ ( * -s) + 3 (- θ - ( )

= (2 +x - 15 = 1 - 3

if1 = 3 ,
then def M

=O and the planesdon't

intersect at a single point
.

So unique point provided that 13.

***



13 The equation of the plane % is r
1
2
1

4
4
3

2
3
1

m n=
-

+ +
-J
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L
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P
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N

P

O
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N

P

O
OO
.

(a) Find the acute angle between % and the plane with equation r. .
2
0
3

4=

J

L

K
KK

N

P

O
OO

 [4]

The point A has coordinates (9, -7, 20).

The point F is the point of intersection between % and the perpendicular from A to %.

(b) Determine the coordinates of F. [4]
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a) Theory :
n,. nz
_

π
By the dot product ,

cost =

Ing lnal

If O is obtuse
,

then I do 180-8

.

"

컵
s to find K

,
as this will be acute .

럽
「

If O is acute ,
then I'm done.

To find the normal of
T

,
I cross

the two direction

rectors :

“増関臨に 器)
so cosortin(#

by rescaling

so 0 = 52
.

80 to 358 .

***
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14 The plane P has normal vector 2i + aj - k, where a is a positive constant, and the point (3, -1, 1) 
lies in P. The plane x z- = 3 makes an angle of 45° with P.

Find the cartesian equation of P. [7]

3X

①

= Plane P has cartesian equation : 2x + ay
- z = d

②"and the point (3,1 , 1) lies in
"

=> we can sub (3,1
, 1) into the equation :

2(3 ) ta (- 17 - ( = d

8 - a = d

③

(
=亨
sas
'

3 =√5 raz

& = Sta
2

a
2

= f

a = ± 2 ⇒ a = 2
.

so by② , 5 - 2= d⇒ d= 3

and by 0
,
2x + 1 y -z = 3

***
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15 A vector v  has magnitude 1 unit. The angle between v and the positive z-axis is 60°, and v is 
parallel to the plane x y- =2 0.

Given that v = +a bi j+ ck , where a, b and c are all positive, find v. [7]

3*

① vector u has magnitude
I

=⇒ az tbatca =
1

②

cos (oo) =
(金)品

か

글 = 뉴 since a ? + 32 + c * = /

= つと = 主

③ "v isparalle) to the place x-zy
= 0

"

=> vis perpendicular to (b) (since it's menoral)

= (5) . (y) = 0 => a2 = 0

a
= 2 b

suba = 1b
,
c =t intoal + b' +c

= 1

& b㎡+ b㎡+ 年 =
1

5 br = 름

52 =号 b = o= since bro .

***
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16 3 5 9x y z− + =The plane Π has equation . 

(i) Show that  contains

• the point (4,1,2)

and 

• the vector
1

 2

 
 1 
 



. [4] 

(ii)  (4,1,2)Determine the equation of a plane which is perpendicular to  and which passes through . [3]

了*

2)Sub (4 , 1 , 2) into plane
:

LHHS = 3(α) - S ( 1 ) + 2 = 12 - 5 + 2 =λ= RHS

( ¿ ) 。 (;) = つ - 5 tz = 0

so(i) is perpendicular to
the normal

,
so it must lie in

the plane.

ii) we need to find the normal of this new place. But if (h) lies

in the old place it must be perpendicular to the new place.

So e +y + 2z = d

Seeb (r , 1
, 2) in

:

r +1 + 4 =dd= 4

sox +y +2z= 9

***
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17 The equations of two intersecting lines l1 and l2 are

l l ::
a

rr
1
0

2
1
3

7
9
2

-1
1
2

=1 2+m n

-
=

-
+
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K
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L

K
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K
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J

L

K
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P

O
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N

P

O
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N

P

O
OO

N

P

O
OO

where a is a constant. 

The equation of the plane P  is 

r. 5
K
KK

J1NO
OO

l1

=-14.

L3P

and P  intersect at Q.

l2  and P  intersect at R.

[2](a) Verify that the coordinates of R are (13, 3, –14).

(b) Determine the exact value of the length of QR. [7]

4*

a) Sub (FM) into i :

7

=

(燕!!品- c

IOR + 4 6 = - 14

µ=-
G

Subm = -6 into 12 :

R =
( 13 , 3, - 14)

P.1, 0

****



18 The line l1 has equation r
1
3
3

3
2
2

m= - +
-

J

L

K
KK

J

L
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O
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N

P

O
OO
.

The plane P has equation r.
2
5
3

4-
-

=

J

L

K
KK

N

P

O
OO

.

(a) Find the position vector of the point of intersection of l1  and P. [3]

(b) Find the acute angle between l1  and P. [3]

A is the point on l1  where m = 1.

l2  is the line with the following properties.

• l2  passes through A

• l2  is perpendicular to l1
• l2  is parallel to P

(c) Find, in vector form, the equation of l2 . [3]
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To find X ,

"sub"( ,
into M :

”英 ( ts
" )

。 (参)= 8- 3 f 21

3 - 21

2 + 6x + 15
- 10x -4 + 6x

= 4

2 λ + 8 = d

λ= - 2

sub i =-2 into 1 ,
i

(몇

****
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19 In this question you must show detailed reasoning.

Find a vector v which has the following properties.

• It is a unit vector.

• It is parallel to the plane 2 2x y+ + z = 10.

• It makes an angle of 45° with the normal to the plane x z+ = 5. [8]

4*

(et= ( 용 )

①

=> 기의 = 1

= a +b +c = 1 D (since we can square both sides toget rid of of

②

= v is perpendicular to the normal of the plane

⇒ ~(2) : -อ

=> 2a + 2b +c = 0 E

③

⇒

co 」(as )
=( :品

rtea

δ 틀

=

,
atc = 1 ③

****
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20 The point P  (4, 1, 0) is equidistant from the plane x y+ +2 2z = 0 and the line 
x

b
y z

2
-3 -1

3
5

= =
+

,
where b 2 0.

Determine the value of b. [10]

K*

Distance from point to plane
:

口 =
(℃品 に 番 = 同

Distance fro point to line :

first get
in vector form

:

= () 대(룰 )
X has position rector (i)

-... (1,
10

. () =
삶 " ( 총 )= 01

-s+ 3x )
FA - 2 + bax - 15 tOd = 0

= , λ ( 13 +
b

) = 17

λ = +리

****



21 The plane P has equation x y- +2 2z = 4. The point P has coordinates (8, 4, 5).

(a) Calculate the shortest distance from P to P. [2]

The line L has equation 
x z2 3- +y
3 2 4= = .

(b) Verify that P lies on L. [2]

(c) Find the coordinates of the point of intersection of L and P. [3]

(d) Determine the acute angle between L and P. [4]

(e) Use the results of parts (b), (c) and (d) to verify your answer to part (a). [3]
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a)

0 =

( 1得= 一号 = 6

∞) 들으을 들도
5몸 = 2

so p(8 , 1 ,5) lies on the live

c) >x= 2 t 31

y
= 211 } subinto n
E =

- 3 t θ d

2 (2 +3 λ) - 211 + 2 (- 3 +&λ)
= &

121 - 2 = θ
=2 λ= 2

sub 1 = 1 back into line :

****



22 The points P, Q and R have coordinates (0, 2, 3), (2, 0, 1) and (1, 3, 0) respectively.

The acute angle between the line segments PQ and PR is i .

(a) Show that sin 11
2 22i = . [3]

The triangle PQR lies in the plane P .

(b) Determine an equation for P , giving your answer in the form ax by cz d+ + = , where a, b, c
and d are integers. [3]

The point S has coordinates (5, 3, 1- ). 

(c) By finding the shortest distance between S and the plane P , show that the volume of the

tetrahedron PQRS is 3
14 .

[The volume of a tetrahedron is 3
1 area of base perpendicular height# # ] [4]

The tetrahedron PQRS is transformed to the tetrahedron P Q R Sl l l l by a rotation about the y-axis. 

The x-coordinate of S l is 2 2.

(d) By using the matrix for a rotation by angle i  about the y-axis, as given in the Formulae
Booklet, determine in exact form the possible coordinates of Rl. [5]

OCR · A-level Further Maths A · Pure Core 1  · June 202� 
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에 aCrosslve
Icrosslvectorctor product

p
.업 laxbl = 1al/bI sint formula.

⑧

R IP =IIPI sinθ

1 (言 ) × () = 風tで :風3r sino

ㅣ品pmoratan. nt 」☆別=同 πsine
1oi + 1j +mh) = vz ui sinG

r- = ii2 ui sinG
82+42 t&

2

*****



23 A 3-D coordinate system, whose units are metres, is set up to model a construction site. The 
construction site contains four vertical poles P1, P2, P3 and P4. The floor of the construction site is 
modelled as lying in the x-y plane and the poles are modelled as vertical line segments. One end of 
each pole lies on the floor of the construction site, and the other end of each pole is modelled by 
the points (0, 0, 18), (12, 14, 20), (0, 11, 7) and (18, 2, 16) respectively.

A wire, S, runs from the top of P1 to the top of P2. A second wire, T, runs from the top of P3 to the 
top of P4. The wires are modelled by straight lines segments. The layout of the construction site is 
illustrated on the diagram below which is not drawn to scale.

S

T

(0, 0, 18)
(12, 14, 20)

(18, 2, 16)

(0, 0, 0)
(12, 14, 0)

P1
P3 P2

P4
(0, 11, 0)

(18, 2, 0)

(0, 11, 7)

A vector equation of the line segment that represents the wire S is given by 

,r
0
0
18

6
7
1

0 2G Gm m= +

J

L

K
KK

J

L

K
KK

N

P

O
OO

N

P

O
OO .

(a) Find, in the same form, a vector equation of the line segment that represents the wire T. The
components of the direction vector should be integers whose only positive common factor is 1.

[2]

For the construction site to be considered safe, it must pass two tests. 

Test 1: The wires S and T need to be at least 5 metres apart at all positions on S and T.

(b) By using an appropriate formula, determine whether the construction site passes Test 1. [2]

A security camera is placed at a point Q on wire S. 

Test 2: To ensure sufficient visibility of the construction site, the distance between the security 
camera and the top of P3 must be at least 19 m.

(c) Determine whether it is possible to find point Q on S such that the construction site passes
Test 2. [3]
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24 The coordinates of the points A and B are (3, -2, -1) and (13, 10, 9) respectively.

• The plane  %A contains A  and the plane %B contains B.

• The planes %A and %B are parallel.

• The x and y  components of any normal to plane %A are equal.

• The shortest distance between %A and %B is 2.

There are two possible solution planes for %A which satisfy the above conditions.

Determine the acute angle between these two possible solution planes. [8]

6*

Let 1a :
ap + b

, y + c
,
z = d

,

let Mr : a, x + b2y + czz = de

= (3 , -2
,
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