
Complex Trigonometry: 
De Moivre's Theorem 
and Identities
Question Paper



1 In this question you must show detailed reasoning.

(a) Use de Moivre’s theorem to determine constants A, B and C such that
sin cos cos CA B4 24

/i i i++ . [5]
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Let z = cost +isinG

(*) Z-En = Disint) (can be proved easily ,
but are results you

1 3 should hav seen already! )

*
2) ←

"

+ 급n
= 2 cosu( θ)

(*,]

( 一言 )
“

= で” 、 sin θ
)

“ = 16 sin θ

(E 一気 )
℃

EC
-
RE ㎡

+
6 - RE -

Z
tE

- R

Binomial Expansion

= Z
5
主 σ

- σ (E' +社 ) + c

y日 2 cos Rθ - λ ( 2 cos 20 ) + 6

- 2c0s48
- 820s 20 + 6

SoI6sintE = 2cos4O - 8cOS2O + 6

=> Sine = ECOSRO - 1028 1

A = CB =芝 」
C= 言

**
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,
J

By expanding KKz z
12
2

3

+
L

N

P
OO  where z = eii,  show that co 34 2s cosi i= +6 3cos2i. [5]

려

Z( ^+ 記)
=

EO
+

3 Z + 3 z-
Z

+ Eo By Binomialexpansion

= EC + 記 + 3(E + 記 )

=
2coS6O + 3(220320) E'tEn = CcosnO

= 2cos6O + GcOSZO

飛 +記)
=

② cos2 σ》 = 8 c 0S
'

(20 )

so 8cos" (20) = 2 cos60 + Gos28

= ¢ cos" (20) = cos6E + 3c0s28

**

2
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3 (i) Express sin θ in terms of eiθ and e−iθ and show that

sin4
θ ≡ 1

8
(cos 4θ − 4 cos 2θ + 3). [4]

(ii) Hence find the exact value of #
1
6

π

0

sin4
θ dθ. [4]

ㄻ

이 eit- e ≡
2 isin θ see other questions if you're

not sure
.

SO
, sint = it(eit-e

*)

=sinto = ((e-e-t))r
= is (evio _¢ e28 + 6 -Le-2i0e-rit)

=- (exit-pioq(e20 +e)

- is (220s00 - p (2c0s20) +s))
= is (2coskE - 8c0s 28 +s)

e
inf

+e-int

- (cosRo -PcOS2O +3)
= zcoshO)

ii) I' sinte do =
" *

(COSPE-Koshe +3) de

= 言 。
"

"

RE-ACOSIE + 3 ) do

**



4 Use de Moivre’s theorem to find the constants A, B and C in the identity 
sin sin sin sinA B C3 55 /i i i i+ + . [4]
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(*) E - 主 = 2 isin( θ )

C -

海( 2 c ( ^^σ )
S

= 320 sin℃

(E一 aLExp
,E-
SES TIOE ' - LOE 'TSE-

3
- Z

-S

= z

”

一 s - S (E
3
一3 ) + 10② 一当 )

= ZisinSt-3(2isin3t) + 10 (zisinG)
b叫达

)

= Zisinse -10 isin3 + 20isin8

so 32/sin30 = 2/sinso-1Oysin3t + zoysinE

Sinsθ= 店 sinso 一飛 sin 3θ+
喜

sin
θ

二喜 sinθ - sin 3σ t 卡6 sinsθ

A = 동 ,
B =- 동

, C =1

**
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5 Show that si 5n sini i= +a b si5 3 + cn sini i , where a, b and c are constants to be determined. [7]

3 tk

let z = COSO + isinG

Z-cost isint -(Costo) + is in (t))

= COSO + isinG-(cOst-isinG)
&

since z =z

= co-

Utisinfol= 2 isinθ Theorem .

筑ct:℃2d
⇒ ( Z -) =② isin θ)

S

Sing is an oddㄴ
= 32i sins θ *)(

function .

but (z-E)"= z5 =5z3 + 10 z-10z" +Sz- - 23
Binomial Expansion

二 ②
一

s )-s ( E3一
t :) + (0② 一主 )

= Lisin(5) - 5 (Zisin (35)) + 10 (2isinG) (*2)

since - *
= Zisin (nt)

By equating ##,) and (2)

32/sinSE = I/isinSt -1Oysin38 + 20/s in E

Sinse = IsinSt-Esin38 + EsinG

a = o 1
b = 一表 、

C = 言

***
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6 (i) By expressing cos θ in terms of eiθ and e−iθ , show that
cos5 θ ≡ 1

16(cos 5θ + 5 cos 3θ + 10 cos θ). [5]
(ii) Hence solve the equation cos 5θ + 5 cos 3θ + 9 cos θ = 0 for 0 ≤ θ ≤ π. [4]

3K

) 2 cost = gio + e
i θ

=> cost =( e
if re

cos3E = i (ei0 +e
- =t)3

= ( e ''
t Se

3 rt
+ IOe ' t

t iOe -

to
tse

-3 io
te

- sio )

= ( siote -
si θ

ts (esite-
zi ) t (O ( e

^'

te

- ^ o))

= 32(0s50 + 3(210330) + 10(20s81)

-Scosse + 10cosso + 20cose)

= % ( coSSEt SCOS 3f t ( OCosθ )

ii) COSSO + Scoss +↑cost =

01 + coso

+cost↳
cosS0 + ScOS3E + IOCOSE = cost

店 (cosotScos 3ot (ocosθ ) = oCoso

cos = ↑ COS

P. 7.
0

***
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7 In this question you must show detailed reasoning.

(a) By writing sini   in terms of eii  and e-ii  show that

.i)si 6n 10 15- os 2 6c( coi+ -s ci4 6os=i 32
1 [5]

(b) Hence show that sin 2
1 20 - 14 28

1 6
r = . [3]

3 α

a) cit-e-t = Cisnt
since E"-E = Zisinnt

Land z" + E = 2 cosnt)

=> SinG = 求 (e
℃-
e

-
io )

Sin℃ = ‰ ( eo-
e- )
'

= 家 ( eoo
- Gedootise 2

t-Z0 tise
-2 ℃ -

Ge -diote
-tio)

= ( e ^
te -
ti

℃ - 6( edi
+ e -
ti

)
+ is

( ezi-e -)-20)

二 一前 ( 2 c0s 6℃ - 6 ( 2cosθθ ) + is (2cos2θ ) - 20 )

=

s"2 (10 - 1310s20 +610s40 - cOs6O) (*)

6) Sub = It into (#

sin
( 話)= 記 ( 10 - 15cosGcos( 号 )-cos(保) )

. 52 ( 10 - BE + ) = =52 ( 10 - Fri

***
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8	 (i) By expressing sini   in terms of eii  and e- ii , show that

10 sin ) .sin (sin 5 5 sin3
5

16

1i / ii- i+ [4]

(ii) Hence solve the equation

sin5i+4 sini = 5 sin3i

for 
2

1

2

1- r G i G r . [4]

여

i eit-e-it-Zisinf since eino-e-int
= Zis in nO

-

:

sinθ = 記 (e
^℃

- e
-℃ )

since = (2(eit-eit))
= (est-se +ve-10e+Se

*
-esit)

= 記 (esio-e
-si℃

- s(ee-
'^)+ iOSe℃

-e -
o))

= s[x(2ysinSE-10xsin3E + 20/sinG]

= it (sinSe-Sin30 + 1UsinG)

ii ) Sin5O + Isint = Ssin3e

+6sing↳
Sin5o-Ssin3e + IsinE =

0) + Gsind

Sin50-Jsin30 + lUsinG = GsinG

***
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9 (i) Starting with the result

ie  cos= + isin  , 

show that 

(A) (cos n+ isin ) = cos  +n isin n  [2] 

(B) ( )1cos e
2

−i i  e= + .  [2] 

(ii) Using the result in part (i) (A), obtain the values of the constants a, b, c and d in the identity

6 4 2cos cosa . cos cosb c d6    + + +  [6] 

(iii) Using the result in part (i) (B), obtain the values of the constants P, Q, R and S in the identity

6 cos cos cosP Q R S6 4 2 + + +cos . [5] 

(iv) Show that 

1
6+ 26 15 3cos

12  64
 

=   


.  [3] 

334

_

i) (A) Lis = (2050 + isinE]

= e(
θ)

이

inθ
e

= cosnt +isinnt = RHS

Note that this is just DeMoire's Theorem

(B) RHS =-(e :0
+e-in)

= (cosOtising + cos(o) + is in to)
Since cosine

=& (costisingcast-ising) is even

and sine is odd.

= { ( 2cosθ) = CosG = LHS

ㅁ

***
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10 (a) Given that z co= +s i sini i , express zn + z
1
n  and z z

n - 1
n   in simplified trigonometric form.

[2]

(b)
z
z
z
1J 3J 31 By considering KKz OO KK+ -

L L

N

P

N

P
OO , find constants A and B such that 

  sin cos3 3i i si= +A Bn s6 2i iin . [6]

&*

a) E
“
+ in = 2 cos( θ)

Note : if
asked to

, you

Z
“
一 い = 2isi ^@ θ )

should be able to derive

these using the definitions-

See below :

Z
^

t in = Z
^

+ E
- "

= (osotising + (os E + isino T
"

De Moivre's Theoren

= cos(E) + isin(t) + cos(-nt) + isin (-nt)

= cost) + isin(E) + cos(n0) - is inno

Since Lost is

e ven, sin o is

= 2 cos$θ )
odd ,

same method for z"-En .

****
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11 (i) (a) Verify, without using a calculator, that θ = 1
8π is a solution of the equation sin 6θ = sin 2θ .

[1]

(b)

2

By sketching the graphs of y = sin 6θ and y = sin 2θ for 0 ≤ θ ≤ 1
π, or otherwise, find the2

other solution of the equation sin 6θ = sin 2θ in the interval 0 < θ < 1
π. [2]

(ii) Use de Moivre’s theorem to prove that

sin 6θ ≡ sin 2θ(16 cos4 θ − 16 cos2 θ + 3). [5]
(iii) Hence show that one of the solutions obtained in part (i) satisfies cos2 θ = 1(2 − √

4
which solution it is.

2), and justify
[3]

Toa

¿)a) LHS = Sin () = sin( 保) = sin( 2 )since sincesir (n -θ )=sinθ

= 를
RHS = Sin (2号 ) = sin (长) =室 so CHS =RHS =>

Ot is a solution
.

b) gn

…ひ̂……
…

… ¿
意

급

- ( …

… …

Sin20 is a horizontal

stretch by sof 12 of

SinG
bySymmetry , a

= 11 - M/y
and SinGO is a horizontal

= 증 stretch by s .f. Y of
SinG

.

****
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12 (i) By expressing sin θ in terms of eiθ and e−iθ , show that

sin6
θ ≡ − 1

32
(cos 6θ − 6 cos 4θ + 15 cos 2θ − 10). [5]

(ii) Replace θ by (1
2
π − θ) in the identity in part (i) to obtain a similar identity for cos6

θ. [3]

(iii) Hence find the exact value of #
1

4
π

0

(sin6
θ − cos6

θ) dθ . [4]

f

i) eit-evit = zisinG see other questions if you

haven't seen this
result before

(Lisino)" = (eit-e-0 y
6

- bi θ

=60-Getit + 1se"t-20 + 1e-20-befitte

by the Binomial Expansion

= eGite -
Gi -6 ( edtofe-

dio )t is
( e 2

:fe
- 2 ℃

) -20

= 2L0S60 - 12c0s48 + 3010s20
- 20

so-64sin'E = 20568-1210s40 + 30cos20 - 20

= つ s in
℃
= 一記( COSGθ= GcOStO + (ScoS20 = ( O)

ii) sin ( 号 -θ) = ( cos( 6( 号- θ )- 6 cos( ( 号- ) - iscos/2 (号 ~) )-、 )。

cos(θ) = ( cos( 317 - 60) - 6 cos(=M - θ)+ 1 scos(17-20)0

p.T. 0

****
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13 (i) By expressing cosi   in terms of eii  show that

cos 32
1 ^ osc6i i= +6 6 co 4 1s cosi i+ +5 2 10h. [4]

(ii) Hence solve, for 0 G Gi r ,

co 6 6s cos+ +i i i4 2 cos 2 3= . [5]

fta

i Cost= (eit + e-it) Sinceeint-in-2cosno

(cose)" = (t(eterop
"

C0S θ= r ( eootGekoot iSe
2 of

20 t ise
- 2+
Ge'e-

Gio)
l

= ja (eGo+e
- Go
+6(emu+

-

10) + 15(e28+eg) +2)
二 前 ( 2c0 S 6 E +( 2CosRO 30 cos 2θ t 20 )

=> (cos6E + 60st + IScoS20 +1

ii) COS6O + 6c0s40 + 220s28
= 3

, 고 + 13COS28 + 10

+ 13cOS28 + 10

COS60 + 610s40 + 1510s28 + 10 = 13c0s28 + 13

빛 (, 2 x弦
5 (cos60 + 610s48 + 13c0s28 + 10) =

,*
3 (c0s20 + 1)

cos
6
θ = ] (cos 2θ+ ()

****
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14 (i) Use de Moivre’s theorem to express cos 4θ as a polynomial in cos θ. [4]

(ii) Hence prove that cos 4θ cos 2θ ≡ 16 cos6
θ − 24 cos4

θ + 10 cos2
θ − 1. [1]

(iii) Use part (ii) to show that the only roots of the equation cos 4θ cos 2θ = 1 are θ =
an integer.

nπ, where n is
[3]

(iv) Show that cos 4θ cos 2θ = −1 only when cos θ = 0. [3]

4

1)Costising)" = costo + isinIt by De Moire's Thesem

Coso + isint)" Coste + ficos sint-Grossinto-Licostsico

+ Sind E

Equating real parts gives,

Coste = costt-Gcosto sin'o
sintE

= costE - GcoPt(I-cosE) + (1-cost)2

= Costo-Gros +Gosto + 1-Cos o + costo

= 8 coskθ -8cos θ + 1

ii) coste COSto = coste (22058-1)

= (8cos"8 - ycos8 + 1)(2 10s2t - 1)

= 16cosE - 24cos" 0 + 1010s't - 1

iii) COSPEcoS2o = 1

=> 16cs68-2420s'o + 10cost - 2 = 0

****



15 In this question you must show detailed reasoning.

(a) Show that ( )Re cos cosa 4e e e4 4 4i i i i i+ =i i i-^ h , where a is an integer to be determined. [3]

(b) Hence show that cos b c12
1

2
1 3r = +4 , where b and c are integers to be determined. [6]

OCR · A-level Further Maths A · Pure Core 2 · June 2022 
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a evit(e
it

+ e typ = c+it (zos)
+

= exit , 162040

= (os to + isi <PE) 16 cost

·= 16COSPE 2014
HILisinPO cos"

so, Re(epit (e :* +e-o))
*

= 16 costE costE

a
= 16

b) The difficult port here is we
can't just sub in

O straight away as we don't have an

expression to equate it to .
The idea is to

write Re(eitce* +e)
M

in a different form

and then we can equate this to
16cOSKECOSE

Lif teig)"-emit + ke 4o + 6 + 4e
-2it
+e

-ti0

=edit-tit r (ettelit)-o

= 2c0s40 + GcoS2O + 6

****
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16 (i) Use de Moivre’s theorem to prove that

5tan θ ≡ 5 tan θ − 10 
2
tan3 θ + tan

4

5 θ
1 − 10 tan  θ  + 5 tan  θ

 . [4]

[3](ii) Solve the equation tan 5θ  = 1, for 0  θ < π.

(iii) Show that the roots of the equation

t4 − 4t3 − 14t2 − 4t + 1 = 0

may be expressed in the form tan α, stating the exact values of α, where 0  α < π. [5]

S

i) (ostising) = COSSE +IsinSE by De Moine's
Theorem

(cosetisine) = CosE + Sicos"EsinO-10 cosO sin'E

- lOicossin'E + S coSEsin
*O + isinSE

By Binomial Expansion

Equating oul parts gives,

Cosst= cosse-10cossine
+ScosEsinte

Equating imaginary parts gives

Sin50 = Scos't sint-10 costO sin'E +Sin3E

tazSE = SirSt
= Scos't sint-10 costO sin'E +Sin3E

Cosse-10cossin +ScosEsinte
入 ‰_

=

5- 10品器
σ

σ
58器

。

*****
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17	 (i) Use de Moivre’s theorem to show that cos5i / 16cos5i - 20cos3i + 5cosi . [5]

(ii) Hence find the roots of 16x4 - 20x2 + 5 = 0 in the form cosa  where 0 G a G r . [4]

(iii) Hence find the exact value of cos 1
1
0r . [3]

sθ

i) (costising)" = cosSE + isinSO

SEt isin θ )
5

= cos
5θ + 5icos

@
sirθ- IOcos

'
θ sin

' θ

- li cost SinO +Scossin+
isin30

Equating real parts gives
,

coSSE = cosS8 - 10cos' Esin'o + 3 costs in
*
t

= LOSSO - 1OcOS'E (1-c0s30) + Scost(1-cosiE)
"

= COSSO - 10cOSE + 10cost +Scost-10cos'O + 3cost

= 16cosPF - 20cos8 + Scost

ii) let cosSt = 0
i

. e.

16 cosE - 20c0s8 + ScoSt = 0

⇒ x( 16xt- 20 x
2 ts ) = 0 Where > = cost

so the roofs of 16x*-10x2+ 5 =0 are the roots

ofCOSSE = 0 excluding the root x= 0

p.T. 0
.

*****



18 (i) By expressing sin θ and cos θ in terms of eiθ and e−iθ, prove that

sin3 θ cos2 θ ≡ − 1
16(sin 5θ − sin 3θ − 2 sin θ). [6]

(ii) Hence show that all the roots of the equation

sin 5θ = sin 3θ + 2 sin θ

  are of the form θ = 
nπ
k , where n is any integer and k is to be determined. [3]

OCR A ā A�OHYHO )XUWKHU 0DWKV ā )XUWKHU 3XUH � ā -XQH ��12  
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) e
int
+e-int = 2 cosnt

einθ-
e -in

= zisinn θ

so sint = it (e"
* -e-i0)

& cost = -(e"" +e )
3

sinEcose = ( (ei - e

-)(t (eit +e
- it)))

= 荒 (e
℃-

e-
)

㎥ q (eote
-o?

=: ( e ^-
e
-℃ ) (ee-(eote-

= 表 ( e -e-
^) (( ei- eo
)(eite - o

))~
= “ (eio-

e- ) ( e 2i
℃ -

e- 2℃ )
~

= 表 ( e -e-o)( edio- 2 +e

-o )

*****
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19	 (i) Use de Moivre’s theorem to show that tan
tan tan

tan tan
4

1-6
4 -4

2 4

3

i /
i i

i i

+
 . [4]

(ii) 4Hence find the exact roots of  t +4 3 2
3 t -6t -4 3 t+1 = 0. [5]

5*

i (ose + isinE)" = cos4OtisintE De Moire's Theren

(costising)
*

= costo + Micos"Esint-Gros"EsinE

~ GicosOsin3E + SinPE Binonial Expansion

Equate real & imaginary parts :

COs 48 = costE - Gcos'Esin@ +Sin
*
E

Sin PO = PCOSPOSING- GLOSESin ②

tan df =te
↑ cosSinO-6cosEs in G

=

LOSOθ -Gcost白

二

‰
一品器+ 感

-etantstanoemo

*****



20	 (i) Use de Moivre’s theorem to show that

6 6 32 32sin cos sin sin sin
3 5/i i i i i- +^ h. [5]

(ii) Hence show that, for 2 0sin !i ,

1
2

6
3

sin

sin 1G
i
i- . [7]

OCR A ā A�OHYHO )XUWKHU 0DWKV ā )XUWKHU 3XUH � ā -XQH ���� 
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(cost + isinE)" = Cosso + isinGt De Moirre's Theorem

(ostising) = cos + GicosEsino-IscostEsint

- 20 : cosAsin'E + 15cosESinPO + Gicostsinto- sin't

By equating imaginary parts
we get,

Sing = Grossing-20cossinE +ScostsiE

= cost (GcostEsinG-20cosesint + EsinSt)

= coSθ( 6 ( ( - siz~θ)
'

sin θ - 20(i-sin~θ)siθ + 6 sinsθ )

= cose(6 sinG-12sin3E + Esin50-20sin3E + 20sin3@ + 6sin3e)

= cost (6sinG-32 sinPO + 32sinSE)

vi) θ= COs
θ ( Esinθ- 32acoso

= 3-16sin20 +sint (where Sinzo Fo (
ie.θ F 몰 t wherεa

.

= 16 (sinto-sin3E) + 3

*****
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21 (i) Solve the equation cos 6θ = 0, for 0 < θ < π. [3]

(ii) By using de Moivre’s theorem, show that

cos 6θ ≡ (2 cos2
θ − 1)(16 cos4

θ − 16 cos2
θ + 1). [5]

(iii) Hence find the exact value of

cos(1
1
2π) cos(

1
5
2
π) cos( 7

12π) cos(11
12π),

justifying your answer. [5]

sx

i) cos6E =0 O L 2 M

OLGOCGT

&always adjust
interval (whee

6 θ= P 12 , 3 是 , 登
1
是坚 appropriate)

θ = 곰 .
3끔 , 몸 , 끔 , 몸 .

"금

ii)
'

6

# (ostisit) = Cos6 + isin60 by De
Man's Theory

[ Costising? = cost + bicosOsinG-15 costSin't-20icoOsint

+ 1S cos sin'E + bicosOSin30-Sin'0 by Binonial
Expansion

by equating real parts of (*)
and (*2) gives ,

Cos6e=cost - IscostEsint + Iscos EsinPE-Sinde

= cos-1ScostE(1-10SE) + 15cosE(1-105E) - (1-cos)

Expanding
二 …

= 32 cos'8 - 18c0s*
0 + 182050 -1

P.T.O

*****



22 (i) Use de Moivre’s theorem to find an expression for cot 7i in terms of cot i and hence find the exact 
roots of the equation u6 - 21u4 + 35u2 - 7 = 0. [7]

(ii) State the exact roots of the equation v3 - 21v2 + 35v - 7 = 0, justifying your answer. Hence find the
exact value of

cot

cot cot cot

cot cot cot cot cot2
14
1

14
1

14
3

14
5

2
14
3 2

14
3 2

14
5 2

14
5 2

14
1

r r r

r r r r r r+ +a a
a
a
a

a
a

a ak k
k
k
k

k
k

k k
. [4]
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7 (Coserisine) = cos 70 +isin te
De Moirre's Thesem

Costtisine/t = coste +
7icos' EsinG-21 cos Esinte-3Si costEsio

+ 35cos
*Esint +2licosEsinE-FcosEsine-i Sin

*
E

Binomial Expansion

Equating Real
& Imaginary parts gives ,

Cos78 = costo - 211058 SinG + 35 Cos Sint-AcosEsinGO

Sin70 = ZcostsinG-3Scost sin30 + 21c0s
*Esin3E- Su7E

=> COEZG =
COSIE - ZIKOSSGSnN θ -BS COS

3Osin θ-Fcosososin
θ - 3Scostsin' θ t 2cos~Osine θ-

sin
7℃ 書

= cot
θ
- 2 (cot' θ +3Scot'

θ-

0t℃-3Scot
℃tzicot

'

o - 1

Notice the similarities in the coefficients of
the numerator .

cot 70= 0 => u
*
- 2lu3 + 35u3-7u = 0 where n = coto

=) n(u' - 2(u* + 35u - 7) = 0

******




