
Proof by Induction - Divisibility
Worked Solutions



1. Prove by induction that for all positive integers n,

f (n) = 34n ± 2 + 26n ± 3  is divisible by 17
(6)
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져

Form : 1 we
have fill = 32 617

Accue true for n = 1
, ir e. f(R) = 34k-226-3 _ 1 M

6k - 3

for some integer M
. =s gik-17M-2
_

The for n =
b + 1 we get

6 k - 3 + 6

flkti ) = 34
K - 2柴 兄

We- 2

= 8164 × 26
K - 3

=81 /HEM- 264-3) + 64 %2

= 1 は × 8LM - 8102
k¥ 64 x 2

OK - s

= 6 ( 8 LM- 26
k -)

which in divinitte by 17.

The resection holds for n:1 ,

and if true for n = 1

"h' F .

"SHanlpentonlyuwhitintgusith

**



2. Prove by induction that for  n ∈ +

f(n) = 7n – 1 + 82n + 1

is divisible by 57
(6)
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28

For n = > we

have fi="

+ &! 57x9,

which :
divinit by 57.

Aramet for n = k
, f(r) is dimizith by 57,

i . e . 7() = ++ g(
+

! 57 * M
,

where M is

come intyen . 7"" = 57xM- gale
+1

The for n = k + 1 we get
f(b + 1) = y(- +)2( + 1 +2

= yx yk"+ 64 x82l
+ 1

_

√

= yx(57xM - 82k +

) + 64xg2
+

= 57 x F ×M + 5 f x 82
k대

= 5 F [ AM + 8
αk 대)

which in divisible by 57.
The resection holds for n:1 ,

and if true for n = 1

hfe" UlhhF "Hanillpeantinbymhutontigus.
th

**



3.

Edexcel · International A-level Maths · )urther Pure 1 · 1ovePEer 2020 �AdaSted� 
Compiled By London Academy Of Maths | Created By Pearson Edexcel

(ii) Prove by induction that, for n ∈ +

f(n) = 12n + 2 × 5n – 1

is divisible by 7
(6)

=

For n : I we
have fil : 12' + 2x5"= 12 + 2 = 7x2

which isdivisibleby 7.

Ansome the action hold for n=1 ,
i . e

.
+(b = 12 + 2x5

* "

= &M

for zome inlyer M. tho note ntAM-2xgle-

Then for makes me

have

fckeit = 12
kt Lx 5 lk

-iti

= IL × 12
k
t 5 ×2 × 5

kt

_

= 12 ( FM - 2 x 5
-k
)

+ 2 × 5 x 5
k -

= 7x12M - 24x5k + 10 xzk
-

←

= y + (12M - 2
+54

:

)

which is divinitle by E.

The resection holds for n : 1
,

and if true for n =
1

it holds for n = 111
.
Here

, by induction
,

the
avention holds for all positive int ←eges

**
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(ii) Prove by induction that, for all positive integers n,

f(n) = 33n – 2 + 24n – 1

is divisible by 11
(5)

㉙

For n = > me get fin : 35211 .

Azume the section holds for n = 1
,

: . e.

f(b) = 33
* -2

_mxb-II M fer come inteyer M.
-> g3xk-2= /(M-241 -1

The for n = k + 1 me get
36 - 2 +3y( - 1 + 4

f(b + 1)
= 3 + h

3 k- 2

= 2yx3 + 16x24b
-

= 2 Y (パM -
24

K -) + 16 × 2
% - 、

메더

= 114 2 FM - 1 l × 2

= 1 い ( ZYM -
ズ %

) which is divisible by II.

The resection holds for n:1 ,

and if true for n = 1

tfh .

" Hadpratinlymtyosthe

**



5. Prove by induction that, for n�'+,

f (n) = 7n – 2n  is divisible by 5
(6)
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며

For2=d we
have fix = 7 - 2 = 5

Acume the assertion holds for n
= 1

,
i . e.

F(bs = XP-2" =
5 M for some inteyer M.

=s 7" = 5M -
2k
ー

The for n = 1 + 1 me
have flkell = ↑P+ &P =

= ×型 2 × 2
= * C 'M - α

k ) ← * 2
k

k

= 5 × FM
- 5 × 2

= 5 ( FM - 2
k ) ,

The resection holds for n:1 ,

and if true for n = 1

fohF. "

Hel pecnterumhiottigusth

**



6. Prove by induction that, for n�� ]+

f (n) = 4n+1 + 52n–1

is divisible by 21
(6)
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For n= d we
have fall : u+ 5** 21

Assume true for n = k
,

i . e
. F(k) = 4

*
- 52IM

s 4
h

" : h 1 M -
5

hThfr n
-berm get

fCkt) = HKt
* f

52
k - 1 + 2

= 4x*+ 15x 52k
- 1

= 4 ×( 21M - 52
k- ) + 25 × 5

-1

= 21 x4xM - 4 x 5
-

2b+ 25x526
- 1

= 21(4M + 52) which in
divitt by at

The resection holds for n:1 ,

and if true for n = 1

fehhF" Helpentie hyuhattgusthh

**



7. Prove by induction, that for 

(b) 2 1f ( ) 7 5nn −= +  is divisible by 12.
(6) 

,n +∈'
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殽

For n-d we
have fill = t** 5 = 12

,

whil i

divisibility 12 .

A same
the artion holch for n = 1

,
i . e.

f(k) = q
*-

+ 5 = 12M for come integer M

=s yep" = 12M-5 .

Then for n
= let

_

me
have fil= 5

= 영
k 다른 5

= 4 g × [ 12
m

-5) + 5

= 12 × UgM
- 48 ×5

= 12 (HgM - QO)

thas dizitle by 12.

The resection holds for n:1 ,

and if true for n = 1

fehh' F

. SHenllpentinhyuhitint
the

egors.

**
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8 Prove by induction that #4 8n + 66 is divisible by 14  for all integers n H 0. [6]

져

For n
= 1 me

have 4x8 + 66 = 14x5
.

Azame true for n
= 1

,

i

. e .
18

#
+ 66 : 14M for

come integen M
, 4x8

"
= 14M - 66
_

The for n
= 1 + 1 we get

H上
“

¥ 66 = 8 × ( 1 µ m
~ 66 ) + 66

= 8 × 14M
- A × 66

= I4(8M-33) ,

which in divisible by 14.

The resection holds for n-0 ,

and if true for n =
1

it holds for n = 111
.

Here
, by induction

,

the

avention holds for all positive integors.

**



9. Prove by induction that, for n � '+,

f(n) = 8n – 2n

is divisible by 6
(6)
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a

Forn=d we
have fill = 8 -2 = 6.

Assume the section holds for n =
k

,
i . e.

f(xl = 8"-2" = 6M = g" - 6M+2?.

Then for no
ke1 me

have

fleeiy = 8kt 2
k: 8 x 8

k
- 242

k

_

= 8 × (6 Mt 2 k ) - 2 × 2
k

= 8 x 6 +M + f x2" -
2x2k

= 6 × ( 8 Mt 2
)

。

thes disitely 6

The resection holds for n:1 ,

and if true for n = 1

f' F .

"Hamdpentelymhittegusth

**



10. Prove by induction that, for n∈ +! ,

f  ( n ) = 22n – 1 + 32n – 1 is divisible by 5.
 (6)
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*

You n= 2 we
have fish- 5.

Azeuncture for nik : 22k-hR= 5 M for some

integee M
, gab--5p-33

* +

_

Then for makes me
have :

2k - 1 t 2 2 k- 1

h
+ + 2

+ 3 = H .(5M - zak-y + g + 3

리더

= 5 x 4M - 5x3

= 5 ( 4 M - 3
k-)

which in dinieritte by 5.

The resection holds for n:1 ,

and if true for n = 1

fF .

" el pentiehyuhiettgresth

**



OCR A · AS-level )urther Maths · Core Pure · 1RvePEer 2021 
Compiled By London Academy Of Maths | Created By Cambridge OCR

11 Prove that 3 -2 3n n is divisible by 5 for all integers n H 1. [5]

2a

For n:s we get 23"- 32 = 5.

Assunce true for nik ,
i
. e

.

23-3K-5 M for
come integer M--5M + 3

*

The for n-he - we get
23k + 3

_ zke
!

= 8x(5m + 3k) -
3x3k

= 5x8M + 5xz" = 5(2m + zk)

which in divisibleby 5.

The resection holds for n:1 ,

and if true for n = 1

hfhhF. "Heetpentionly

umhatontthe
egors.

**
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12 Prove by induction that n +5 2 n
#11  is divisible by 3 for all positive integers n. [7]

2x

For no d we
have 51 + 2x11 = 27 = 33 .

Assume trne fer n = k : 5 2x 11E= 3 M

5" = 3M - 2x11k
×

The fue n = he1 :
5

* "

+ 2x11
**: 5x (3M - 2 x 11P) + 2x11x/1

*

= 3x5M + 3x4 x 11k

= 3 (5M + 4 × 11
k)

which : Missile tags .

The resection holds for n:1 ,

and if true for n = 1

fe" hh '

F
"Handpathshy omtitntgus.

th

Exercise :
_

Proce the assertin win
modular withmetic

, woiding
induction.

**
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13 Prove by mathematical induction that -8 3n n is divisible by 5 for all positive integers n. [5]

져

For n = 1 we
have 6'-3 = 5.

Assume true for n-1 : g"-3" = 5M for some integer M
8
β= 5M + 3

k

The for n = ke1 me home :

k

8
씩 3 k ×= 8 × (5M + 3

k) - 3 × 3

=5x8M + 5x3R

= 5( 8 M + 3
k)

which i dirisite by 5.

The resection holds for n:1 ,

and if true for n = 1

it holds for n = 111
.

Here
, by induction

,

the

avention holds for all positive integors.

**
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14. Prove by induction that for all positive integers n,

f (n) = 23n +1 + 3(52n +1)

is divisible by 17
(6)

5

*S54438A0525* Turn over   
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Question 2 continued
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(Total for Question 2 is 6 marks)
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L의

For n = d me

have fill= I 3x521
+

= 3 g 1 = 17 × 23

Assume holds true for n = k
,

i .e.

Asp) = 17 M for some integer M.
-

k2 tt

31t = 1qM - 3x

The for n =
le + 1 we get

~

2 kett 2

α
3( Ke1 ) t 3 × 52

Ckt) !23kt
1 t 3

, 3 × b

=fxf3k
+

+ 3x25x52k
+ 1

S

= 6x (17M - 3 x52k
+1) + 3 x 25x52k

+ /

= 8x17M - 3x8 x 52k
+

43x25x521 + 1

-
k2 + 1

= 8x 17M + 3x17xb

= 17x (6M + 3x52) so daitle by 17

**



The assertion holds for n-1 ,

and if time for n =
b

it holds for n = 111
.

Here
, by induction

,

the

axertion holls for all positine integres
.

**
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(ii) Prove by induction that for n  +

f (n) = 4n + 1 + 52n – 1

is divisible by 21
(6)

⇌

For n: f
,

we
have fil = 4-5 * 2/

of same
the creation holds for n =

k
,
i. e.

flk ) = 4 時 5
K_ α 1 M

eyou
M. 4P*= 21M- 52P

-

for come
int

装社器(ok-iea
비 + b

= φ× 4
K¥ 25 × 52

k - 1

=φ ( 21 M -
52k

-

) + 25 x 52
k - 1

= 21x4 +M - 4 x 52k+ 25 x 52+

=2)(4M + 52k
-

1)

showing f(R + 1 is divisibile by 21.

The resection holds for n:1 ,

and if true for n = 1

feh ' F

. SHmlpantinlymuhetontgous.
th

**
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(ii) Prove by induction that, for all positive integers n,

f ( n ) = 32n + 4 – 22 n

is divisible by 5
(5)

거

For n = 1
,

we
have Isl = g

***

-2
*

= 5x145

thus divisible by
5

.

A come
the accention hold tre for n

= k
,
i . e.

f(b) = 33614- 2 = 5 M for come integr M .

34= 5 M+ 22
k

Then for n-111 we
have

f(( + 1) = 3
2b + 4 +221-h

=g y z2k
+ y- y .x22k

√

= g ×( 5 M + 2
k

) - 4 x 22
k

= gx5M + 5 x22k

= 5(9M + 22k) ,

thus limitle by 5.

**



The resection holds for n:1 ,

and if true for n = 1

it holds for n = 111
.

Here
, by induction

,

the

axertion holls for all positine integres
.

**



Joi students who
are taking further pare #/ad - pure.

Exercise : King modulare mithmetic ,

show that

zane
in

i divithby 5 for all positive
integers n
Solution :

2 = -3(mods) ,

have

fius ≡ 32 nt: ( - 3)^^≡ 3
"
× 32- 3

”

( mod 5)

Jimat's little thorm implie 3" = 1 (mod 5)

zan gEn = O (mods)

**



17. Prove by induction that, for n ∈ +

f (n) = 2n + 2 + 32n + 1

is divisible by 7
(6)

Edexcel · AS-level Further Maths · Core Pure · November 2020  
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져

For n= d we
have fill = 2Ez ** Ax5

this hisible by 7.

Aseme the usertion holds true for n = 1
,
i

. e.

fsle) = Ck +

z
cke

= AM for come inteyon M.

= yk +

= -M - y2k
+ 1

The for a fle we get
f((e +1) = 2(

+ 2+
2kx + 2

2 2(e + 1

= 2 ×2 + 9 × 3
2kel

= ス (YM - 32 %

) + g × 3

gkel ele+ 1

= F × QxM
- 光 × 3 + g × 3

= F ( 2M t 32
k

)

this driithly 7

**



The resection holds for n:1 ,

and if true for n = 1

it holds for n = 111
.

Here
, by induction

,

the

axertion holls for all positine integres
.

**
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Prove by induction that +1 +2 5n n#9   is divisible by 7 for all integers n H 1. [6]

L田

For n= I we
have a + 5 xg' = 7 ?

Assume true for n-k ,
i . e .

2+ jog" = FM for
some it

0昨"
"

am - ragknnh
Lk
←

t 5xgk
”

= 2 × (YMX 5 xgk ) + 5 xgxg
に

=y x 2M + 5x 7 x gk

=* (2M + 55gh) ,

which is divisible by 7.

The resection holds for n:1 ,

and if true for n = 1

fhhF. "Hamdpantinymhtgrs.
th

**

18. 
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(ii) Prove by induction that for  n ∈  +

f (n) = 82n + 1 + 62n – 1

is divisible by 7
(5)

L 4

Jor nos we
have fixl : ge * + sd

* "

= * x74

Accoume trre for n-
1s

,

i

. e .

7(R) = g2
**

+ J2B % AM

for come integer M .

Set gaR
*

-
FM-521-

The for n = 1 + 1 me get
2b- 1 + 2

fluty = 82
kt 1 *

t 6
_

= 64(7M-
62-) + 36 x6

ㅓ

= 7 x 69M = 28 x 626
+

= 牛 ( 64 M - 4 × 62
kリ

The resection holds for n:1 ,

and if true for n = 1

fe '

.
"Hemelpenteby mhutntgusith

**



20 Prove by induction that 11 # 7 13n n- -1 is divisible by 3, for all integers n 0H . [5]
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る 。

For n= o we
have 11x7" - 13:1 = -3

Amme ture for n- 1 ,

i

. e .

11x1
* 13"-1 = 3M

7h µ

" " a
" = 3mt4

n
」

11 xFK* ~ 13
k

*ーに X くる M い z リー 13413
- 、

= 3xym + 6x1zk+ 6
.

= 3 (7M + 2 x 134+ 2)
.

The resection holds for n-0 ,

and if true for n =
1

f" hhF" SHdpantinbywhattiges.
th

***



. Prove by induction that, for n∈ +] ,

(a) f(n) = 5n + 8n + 3 is divisible by 4,
(7)
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주

Timehave
F = 5+ Ex +3-

Assume a
section holds true for n = k

,
i . e.

f(k) = 5"+ fl + 3 = 4M .

5k = 4 M - 8 K 3
、

TheFour-le, we
have

f((e+ ) = y
+

+ f(( + 1) + 3

= 5 × 5些 8 k +β+ 3

√

= 5 /nM - Ok -3) + 8k + 11

= 4x5xM- 4 x81
- 4

= H(5 x M - 8k - 1)

homve f(k-l) i divisible hy 4.

***

21



The resection holds for n:1 ,

and if true for n = 1

it holds for n = 111
.

Here
, by induction

,

the

axertion holls for all positine integres
.

***



22.

(a) Show that )2(4)(f6)1(f kkk −=+ .
(3)

(b) Hence, or otherwise, prove by induction that, for ,n +∈'  )(f n is divisible by 8.
(4)

nnn 62)(f +=
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3 つ

a)
-f(b + 1) = 2k + 1y(e+

= 6 × 2
k

- 4 × 2
k

+ 6 . 6
k

= 6x(2k+ 6k) - 4x2
*

= 6 fCk ) - 4 ×ス k

6) For not ,
fa = 8 ,

which is divisible by 8.

Ascme the arration holds true for nil ,
i .

e.

-(k) = 8 M for some inteyer M ,
the for n = 1 +1

m
have f(k+= 6X8M-4x2

*

(by (il) .

incl : 1 ,

2"i m integer fils
: 616M-2

"Y

)

thus choing that axation
holds for ke1.

***



The resection holds for n:1 ,

and if true for n = 1

it holds for n = 111
.

Here
, by induction

,

the

axertion holls for all positine integres
.

***
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(ii) Prove by induction that, for  n ∈ 

f(n) = 5n + 2 – 4n – 9

is divisible by 16
(5)

3

โ

Fee n = 2 we
have fill : 514x1-9 = 112 = 16x7 .

Suppose the arcation holds tre for n
- b

,
: . e.

f(b) + 5k
* 2

_ 4xk - g = 16M for zome intyes M

=> y(+= 16M + 4k + g .

The for n = 1 + 1 me
have

flkel ) = 5 kezt 4 ( kt 1 ) - g

= 5 × 5
k *- 4 Cke 1 ) - g

_

√

= 5 (16M + H( + g) - 4k - 13

= 16 ×5 × M * 16 k t 3 2

= 16(5xM + 1 + 2) which is divisible by 16.

The resection holds for n:1 ,

and if true for n = 1

f " F

.
"Shepantenhy mtgprsite

***



24. Prove, by induction, that for  n ∈ , n  2

4n + 6n – 10

is divisible by 18
(5)
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주

For n = 2 we
have M2 + 6x2-10 = 18

Ascome the exertion holds for n=1 ,
i .

e.

Hi+ 6x-10 = COM for some integer M.
⇒ 4

k
= 18 M - e + 6o .

Then for n = l + 1 me get

q""+ G(( + 1) - 10 = 4x4
*

+ 6k - d
_

」

= H(1fM - b( + 10) + 6k- 4

= 18 x 4xM - Gx3x - 18x2

= 18 (4M - 3 K - 2)

which is a multiple of 18.

The resection holds for n:1 ,

and if true for n = 1

fF 'fHdpatinlyuhtgu.
th

***
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(ii) Prove by induction that, for Q���'+

f(n) = 52n + 3n – 1

is divisible by 9
(6)

3 F

For no s we

have fi = 5+ 3+ - 1 = 9x3

which in divisible by 9.

Accume true for n =
1

,
i . e, F(k) = 52 3xle - C = g +M

forsomeinterMeg
-

f ( btl) =
52ktt 3 ×(kt 1 ) - S =25 ×5 る K + 2

= 25( gM - 3 kt ) tzkth

= g x 25M +(75+ 3)k + 27

= 9.25M - Ok + 3) which is
divisible by 9.

The resection holds for n:1 ,

and if true for n = 1

fF .

" Hdpatinlymhinttgre.
te

***
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(ii) Prove by induction that, for all positive integers n,

f (n) = 32௘n௘+௘3 + 40௘n í 27 is divisible by 64
(6)

34

Fo m = d we
have f() = g**** 40x1 - 27 = 64 x 4

which is disith by 64.

duume trne for n
= k

,
i. . e

.
f(k) = 32

*** HO6-27 = 64M

for come integar M .
- 32k

+ 3

= G4M - 401 + 27.
ー

Th for n-
bet we

have

f (b + 1) = z2k
+ 3 +

2 MO(k+ 1) - 27

2 let 3

= g × 3 t 40 k - 13
←

= gx(64M - 10627) + 401 + 13

= 64x9M = 0x 8 x5k + 64xH

= GH(9M-51 + 4) which in divisible by 64.

The resection holds for n:1 ,

and if true for n = 1

fouhhF.
'THlpentinlytgue.

th

***
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(ii) Prove by induction that,

4n + 6n + 8 is divisible by 18

for all positive integers n.
(6)

34

For n = 1 we
have N+ 6 + 1 + 8 = 18.

Ase true for n = 1
,

i . e. 45- 66 + 8 =
18M for

some integer M. = s M" = 18M - 6K-G.

The for n =
1 + 1 we get

y"
*

+ 6(k + 1) + 8 = 4xy+ 6k + 14

= H ) 18 M - bY - f) + 6k + 14

= 18 × HM
- 18 K - 18

- 10(4M-1-1) which in
disill by 18.

The resection holds for n: 1
,

and if true for n = b

it holds for n = 111
.

Here
, by induction

,

the

avention holds for all positive integors.

***
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28 It is given that u
n
= 13n + 6n−1, where n is a positive integer.

[3](i) Show that u
n
+ u

n+1
= 14 × 13n + 7 × 6n−1.

(ii) Prove by induction that u
n

is a multiple of 7. [4]

H 의

i)
un"Une

: 13"+ 6
"

I 136"
*

- 14 x 13" + 7x6"
- 1

ii) For n = 1 we
have

u .
= 13 + 60 : 14 = 7x2 .

Assume true foo n = 1
,
i . e

, U
= AM for come

poritive intges M -

The foe n = 1 + 1 me

huve

Un + 1
= y (2x1346( -1) - Un

= 7/2x15E6" M) which i divisible by 7

The resection holds for n:1 ,

and if true for n = 1

f"hh

'' "SHamellpantinbyumhutntgos.

the

****
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29	 The sequence u1, u2, u3, . . . is defined by un = +5 2
n n-1 .

(i) Find u1, u2 and u3. [2]

(ii) Hence suggest a positive integer, other than 1, which divides exactly into every term of the sequence. [1]

(iii) By considering un+1 + un , prove by induction that your suggestion in part (ii) is correct. [5]

49

0 ) u . = 5t2 = 6 」U =ぱ 2
、
μ z= 5= 1 kg

.

= 3 + 43
.

ii ) 3

iii ) UneitUn
=

5 t
2 "

¥ 5
"

t 2
ht

= 6 × 5
"

± 3 × 2
- "

For n = 1 part is shares this

Asume true fornal : Ur = 3 M fee some integer M.

The fa = 1+ 1 : Uses = 6x5* 3xeUr

= 3 ( 2*5
k

± 2
kt - M

which i dirisitch by 3 .

The resection holds for n:1 ,

and if true for n = 1

f ' I

"Hdpenteshy mhehtgus.
th

****
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30 Prove by induction that the sum of the cubes of three consecutive positive integers is divisible by 9. 
[5]

50

You n : d we
have 1+ 22+ 33 = gxH

Ansume true for n = 1
,
i. e .
("+ (b + 1)"+ (1 + 2)"= gM

for come integer M . (12 + 1)"= 3M-K
"
- ( + 213

theno
lett we get

巡 )
+

Ck +z 2Ckez ) =gM - K - ( her )e ( he >
)

'」 [ht3P

= gM + k3 × 3 × k 주 3 ×gaktzy- k≥

=

g ( Mek
'

e 3 ktzJ

,

hure diizihe by 3.

The resection holds for n:1 ,

and if true for n = 1

fe '

F
"Slaelpentinlymlitont

the

egors.

*****



31. (i) f (n) = 7n(3n + 1) – 1

Prove by induction that, for n ∈ +, f (n) is a multiple of 9
(6)
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